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IDEALS IN Cb{X) ARISING FROM IDEALS IN A 


M. R. KOUSHESH 


Abstract. Let A be a completely regular topological space. We assign to 
each (set theoretic) ideal of X an (algebraic) ideal of Cs(A), the normed 
algebra of continuous bounded complex valued mappings on X equipped with 
the supremum norm. We then prove several representation theorems for the 
assigned ideals of Cs(A). This is done by associating a certain subspace of 
the Stone-Cech compactification ^X of X to each ideal of X. This subspace 
of /3A has a simple representation, and in the case when the assigned ideal of 
Cb(A) is closed, coincides with its spectrum as a C*-subalgebra of Cs(A). 
This in particular provides information about the spectrum of those closed 
ideals of C's(A) which have such representations. This includes the non¬ 
vanishing closed ideals of Cg(A) whose spectrums are studied in great detail. 
Our representation theorems help to understand the structure of certain ideals 
of C's(A). This has been illustrated by means of various examples. Our 
approach throughout will be quite topological and makes use of the theory of 
the Stone-Cech compactification. 
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Part 1. Introduction 

Throughout this article by a space we mean a topological space. Completely 
regular spaces as well as compact spaces (and therefore locally compact spaces) are 
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assumed to be Hausdorff. Also, the field of scalars is assumed to be C. (Note, 
however, that our proofs are all valid in the real setting, though, some phrases are 
defined only in the complex setting.) 

Let A be a space. We denote by C{X) the set of all continuous mappings 
/ : A —>• C and we denote by Cb{X) the set of all bounded elements of C'(A). Let 
/ e C'(A). The zero-set of / is /“^(O) and is denoted by z(/), the cozero-set of 
/ is A \ /“^(O) and is denoted by coz(/), and the support of / is clxCOz(/) and 
is denoted by supp(/). The set of all cozero-sets of A is denoted by Coz(A). We 
denote by C'oo(A) the set of all / G Cb{X) with a compact support and we denote 
by C'o(A) the set of all / G CbIX) which vanish at infinity (that is, |/|“^([l/n, oo)) 
is compact for each positive integer n). 

Let A be a set. An ideal 3 in A is a non-empty collection of subsets of A such 
that 


• Any subset of an element of 3 is in 3. 

• Any finite union of elements of 3 is in 3. 


Let 3 be an ideal in A. Then 3 is a a-ideal in A if it has any countable union of 
its elements. The elements of 3 are called null (or negligible) sets. The ideal 3 is 
proper if A is not null. Suppose that A is a space. Then A is locally null (with 
respect to 3) if each point of A has a null neighborhood in A. One may view an 
ideal as a collection of sets whose elements are considered to be somehow “small” 
or “negligible”; every subset of an element of an ideal must also be in the ideal; this 
explains what is meant by “smallness”. An ideal 3 in a set A is called a bornology if 
its elements cover the whole A, that is, A = IJ 3. A bornology on a set is generally 
viewed as the “minimum structure” required to address questions of boundedness. 

In [TB] (also [in] and [50]) for a locally separable metrizable space A we have in¬ 
troduced and studied the closed ideal C's(A) of C'b(A) consisting of all / G Cb{X) 
with a separable support. This has been done through the critical introduction of 
a certain subspace AA of the Stone-Cech compactification /3A of A and by re¬ 
lating the algebraic structure of C's(A) to the topological properties of AA, using 
techniques we had already developed in [14] (and [22 )• This motivated our present 
study of (algebraic) ideals of Cb{X) by means of (set theoretic) ideals of A, where 
A is a space which is not required mostly to be beyond completely regular. We 
first show how ideals in A may be assigned to ideals in C'b(A). We then prove 
several representation theorems for the assigned ideals of C'b(A). This is done by 
associating a certain subspace of /3A to each ideal of A. This subspace of /3A has a 
simple representation; indeed, in certain cases it coincides with familiar subspaces 
of /3A, and in the case when the assigned ideal of C'b(A) is closed, equals to its 
spectrum. This in particular provides information about the spectrum of those 
closed ideals of C'b(A) which have such representations. The class of such ideals of 
Cb{X) is reasonably large, and includes all non-vanishing closed ideals of Cb{X), 
whose spectrums are studied in great detail. Our representation theorems help to 
understand the structure of certain ideals of Cb{X). This has been illustrated by 
means of various examples whose study will comprise a large portion of this article. 
Our approach here will be quite topological and will make use of the theory of the 
Stone-Oech compactification. 

This article is divided into two parts. 
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In the first part (Part[2|) for a space X and an ideal Of of X we consider the ideals 
Cgo(X) and Cg(X) of Cb(X) defined by 

C'qq(X) = {/ g Cb(X) : supp(/) has a null neighborhood in X} 

and 

C^(X) = {feCB(X):lfr(ll/n , oo)) is null for each u}. 

The above expressions of C'oo(Of) and Cq(X) are motivated by the corresponding 
definitions of Coo (Of) and Co (Of), respectively. Indeed, Cqq(X) and Cq (Of) coincide 
with Coo (Of) and Co (Of), respectively, if Of is a locally compact space and 3 is the 
ideal of Of consisting of all subspaces with a compact closure in Of. The main result 
of this part states that for a normal locally null space Of the ideals Coo(Of) and 
Cq(X) of Cb(X) are respectively isometrically isomorphic to Coo(P) and Co(T) 
for a unique (up to homeomorphism) locally compact space Y, namely, for the 
subspace 

y = [J {int^xcl,axC : C S Coz(Of) and c\xC has a null neighborhood in Of} 


of PX. Furthermore, CQ(Of) is a closed ideal of Cb{X) and Y is the spectrum of 
Cq(X). In addition 

• Of is dense in F, 

• CQo(Of) is dense in Cg(Of), 

• y is compact if and only if Cqq{X) is unital if and only if Cg (Of) is unital 
if and only if 3 is non-proper. 

In the second part (Part [3]) we consider specific examples. This specification, 
either of the space X or the ideal 3, enables us to study certain ideals of Cb{X), 
and their spectrums, whenever relevant. This part is divided into three sections. 

In the first section (Section 1,3.I|1 we consider certain well known ideals of N. 
These include the summable ideal & and the density ideal S) of N defined by 


6 = < A C N : ^ — converges > 


rtGA 


2) = <j A C N : limsup ''' ’ = 0 !>. 


and 


For simplicity of the notation let us denote 

Soo = C'o®(N), Ooo = Co®(N), So = C^m and hg = Co®(N). 
Then, it follows from our general results in Part [5] that 


Soo = S X G £oo : X! 


x{n)^0 


converges j, 


and 


I . \{k < n : x{k) yf 0}| . 

hoo = ^ X G £oo : limsup -= 0 

n—^oo n 


are ideals of and 


So = i X G £00 : ^ — converges for each e > 0 I, 


|x(n)|>e 
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and 

f » r \{k < n : |x(fc)| > e}| 

Oo = •> X G £oo : lim sup ^ ^ - — = 0 for each e > 0 

n—>^oo ^ 

are closed ideals ioo- Also, Sqo and Sq are respectively isometrically isomorphic to 
Coo (-S') and Co{S) with 


5 = [J < cl^NA : A C N and ^ — converges i, 


raeA 


and hoo and ho are respectively isometrically isomorphic to Coo(-D) and Co(-D) with 
Z? = / cl^g^A : A C N and lim sup = 0 

n—¥cio Tl 

In particular, Sqo and hoo are dense in So and Ooj respectively. Furthermore, S 
and D are the spectrums of So and Oo) respectively. As corollaries of the above 
representations it follows that the pair Soo and Dqo, the pair Soo/coo and hoo/coo, 
and the pair Sq /cq and ho /co each contains an isometric copy of 


0^' 

n—1 



and 


0 

i<2" 


^oo 

Co ’ 


respectively. 

In the second section (Section 13.21) we consider non-vanishing closed ideals of 
Cb{X) for a completely regular space X. (An ideal H of Cb{X) is called non¬ 
vanishing if for each x G H there is some h G H such that h{x) ^ 0.) We first show 
how a non-vanishing closed ideal H of Cb{X) can be thought of as being Cq{X) 
for an appropriate choice of an ideal 3 of X. Our representation theorems will then 
enable us to determine the spectrum sp(iZ) of H as the subspace 


^P{H) = U c\px\h\ ^((l,oo)) 
heH 

of PX. As corollaries we prove, among others, that the spectrum of a non-vanishing 
closed ideal H of C'b(X) is cr-compact if and only if H is ct- generated and is con¬ 
nected if and only if H is indecomposable (that is, H is not the direct sum of any 
two non-zero ideals of C'b(X)). Also, components of the spectrum of H are all open 
in it (in particular, the spectrum of H is locally connected) if and only if 




iel 


where Hi is an indecomposable closed ideal in Cb{X) for any i G I. (Here the 
bar denotes the closure in C'b(X).) Further, for a collection {Hi : i G /} of non¬ 
vanishing ideals in Cb{X) we study the relation between the spectrum of the ideals 
generated by HiS and the individual spectrums sp(iZi)’s. Specifically, we show that 


5p\y HA = ljsp(i3*) 

^ iGl 

provided that Hi is non-vanishing for each i € 


iGi 


0-^^ ) - 0®P(-^i) 


IGI 
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provided that ® jg/ ffi is non-vanishing, and 

= int5p(CB(A)) (n®p(^ 

Hei ' ^iei 

provided that Hig/ is non-vanishing. Here the bar denotes the closure in C's(X), 
Vie/ Hi denotes the ideal of Cb{X) generated by (Jig/ Hi, the first 0 denotes the 
algebraic direct sum, and the second 0 denotes the topological direct sum. We also 
show how the collection of all non-vanishing closed ideals of Cb{X) can be made 
into one-to-one correspondence with the collection of all closed open bornologies of 
X (that is, bornologies whose each element is contained in a closed element as well 
as in an open element). 

Finally, in the third section (Section [33]) we consider ideals of Cb{X) arising 
from ideals of X related to its topology. More precisely, for a space X and a 
topological property fp we consider the collection 

= {A C X : c\xA has ip}, 

which is an ideal in X provided that ‘P is closed hereditary (that is, any closed 
subspace of a space with *P has ‘P) and preserved under finite closed sums (that is, 
any space which is a finite union of its closed subspaces each having *p has *P). We 
consider C'Qg(X) and Cg (W) where fJ = 3(p. For simplicity of the notation denote 

Cg{X) = (X) and {X) = {X) 

and 

AqjX = Xj^X 

whenever X is completely regular. In this context we have 

C^(X) = {/ g Cb(X) : supp(/) has a closed neighborhood in X with *p} 

and 

CfiX) = {f€CBiX):\f\-\[l/n, oo)) has fp for each n}. 

Then C^(X) is an ideal of Cb{X) and Cf {X) is a closed ideal of Cb{X) which 
contains (^(^^(X). The above representations of C^(X) and (X) further simplify 
under certain conditions on X or *p. In the case when X is normal and locally-fp 
(that is, each point of X has a neighborhood in X with fp) then C'^(X) and (X) 
are respectively isometrically isomorphic to C'oo(X) and C'o(F) for the (unique) 
locally compact space Y = AqjX. Furthermore, Y is the spectrum of C'^(X). In 
addition 

• X is dense in Y, 

• C'^(X) is dense in (X), 

• y is compact if and only if C'^(X) is unital if and only if (X) is unital 
if and only if X has fp. 

Under certain conditions on X and fp, we further have 

. Cg^o(X) = {/ e Cb(X) : supp(f) has ‘P} = Co^(X), 

• C'oo(y) = C'o(y); in particular, Y is countably compact. 

As a particular example, for a locally separable metrizable space X it follows that 
C's(X) = {/ g Cb{X) : supp(/) is separable}. 
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is a closed ideal of Cb(X) which is isometrically isomorphic to Co(Y) for the locally 
compact space 

Y = (J{cl^x5': S' C X is separable}. 

In particular, Y is the spectrum of Cs{X). Furthermore, 

• dimC's(X) = d(X)^‘> if X is non-separable, 

• C'o(F) = C'oo(F); in particular, Y is countably compact, 

• y is normal if and only if Y is compact if and only if Cs{X) is unital if 
and only if X is separable. 

Here dim denotes the vector space dimension and d(X) (called the density of X) 
is defined by 

d(X) = min {|II| : D is dense in X} + Hg. 

Moreover, if X is also non-separable, then there is a chain of length A, where 
Ha = d(X), consisting of closed ideals H^’s of Cb{X) such that 

CoiX) CHogH,C...CHx = Cb{X), 
with for each /r < A, being isometrically isomorphic to 

Co(y^) = Coo(y^), 

where Y^ is a locally compact countably compact space which contains X densely. 

The concluding results in this section deal with specific topological properties 
‘P, such as realcompactness and pseudocompactness. (Recall that a completely 
regular space X is realcompact if it is homeomorphic to a closed subspaces of some 
product and is pseudocompact if there is no continuous unbounded mapping 
f : X —>• R..) We show that if ^ is realcompactness and X is normal, then 

Aq3X = ;9X\cl;3x(^^^\^) 

where vX is the Hewitt realcompactification of X. (Recall that the Hewitt realcom- 
pactification of a completely regular space X is a realcompact space vX which con¬ 
tains X as a dense subspace and is such that every continuous mapping / : X —^ K 
is continuously extendible over vX] one may assume that vX C jdX.) Also, if X is 
completely regular, then 

AyA = int^xi^A 

for the ideal 

it = (t/ : 17 is an open subspace of X with a pseudocompact closure) 

of A. 

Throughout this article the Stone-Cech compactification will be the main tool 
of study. We review certain properties of the Stone-Cech compactification in the 
following and refer the reader to the texts [7], 0, m and [3T] for further reading. 

The Stone-Cech compactification. Let A be a completely regular space. A 
eompaetification yA of A is a compact space yA which contains A as a dense 
subspace. The Stone-Cech compactification of A, denoted by /3A, is the compacti¬ 
fication of A which is characterized by the property that every continuous mapping 
/ : A —>• A, where A is a compact space, is continuously extendable over /3A; this 
continuous extension of / is necessarily unique and is denoted by fp : fiX A (or 
in occasions by : fiX —5> A to simplify the notation). For a completely regular 
space the Stone-Cech compactification always exists. In what follows we will use 
the following properties of fiX. 
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• The space X is locally compact if and only if X is open in /3X. 

• Let r be a closed and open subspace of X. Then cl /3 a T is closed and open 
in /3X. 

• Let X C r C /3X. Then /3T = /3X. 

• Let r be a C'*-embedded subspace of X, that is, T is a subspace of X 
such that every continuous bounded mapping / : T —> R can be extended 
continuously to a mapping F : X ^ R. (In particular, if X is normal and 
T is a closed subspace of X.) Then /3T = cl/sxT. 

• Let S and T be zero-sets of X. (In particular, if S and T are disjoint closed 
and open subspaces of X.) Then 

c1/3a(*S' n T) = cl/3x<S' n c\pxT. 

In particular, disjoint zero-sets of X have disjoint closures in PX. 

Part 2. General theory 

In this part for a space X we assign to each (set theoretic) ideal of X certain 
(algebraic) ideals of Cs (X). We then prove representation theorems for the assigned 
ideals of Cb{X) in the case when X is either completely regular or normal. This 
is done by means of associating a certain subspace of /3X to each ideal of X. This 
subspace of /3X plays a crucial role in our future study in Part |31 

This part is divided into two sections, in either of which for a space X we 
introduce and study an ideal of C'b(X) associated to each ideal of X. Results of 
this part are stated and proved in the most general context; Part |3] will be devoted 
subsequently to the consideration of specific examples. 

2.1. The normed ideal C'qq(X) of C'b(X) 

In this section for a space X and an ideal fJ of X we introduce the ideal Cqq{X) of 
C'b(X). The definition of C'qq(X) is modeled on (and generalizes) the definition of 
the ideal C'oo(X) of C'b(X) which consists of all elements in Cb{X) whose support 
is compact. 

Results of this section will generalize those we have already obtained in [18] , [20] 
and [19]. 

Recall that for a space X and a subset A of X a neighborhood of A in X is a 
subset U of X such that A C mixU. 

Definition 2.1.1. Let X be a space and let 3 be an ideal in X. Define 
C'qq(X) = {/ g Cb(X) : supp(/) has a null neighborhood in X}. 

The following example justifies our use of the notation C'|J)(X). 

Example 2.1.2. Let X be a locally compact space and let 

3 = {AC X ■. c\xA is compact}. 

Trivially, 3 is an ideal in X. As we see now, in this case 

Cjo(X) = Goo(X). 

Let / g Cb{X). It is obvious that if supp(/) has a null neighborhood U in X, 
then supp(/) is compact, as it is closed in cIaC^ and the latter is so. Now, suppose 
that supp(/) is compact. Since X is locally compact, for each x € X there is an 
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open neighborhood T4 of a: in X such that c\xVx is compact. The set {14 '■ x G X} 
forms an open cover for supp(/). Therefore 

supp(/) 4 14i u • ■ • u 14„ = y, 

where xi £ X for each j = 1,..., n. Clearly, F is a neighborhood of supp(/) in X, 
and it is null, as 

clj^y = cljvl4i U • • • U c\xVx „, 

(being the union of a hnite number of compact subspaces) is compact. 

In order to prove our representation theorem in this section we need to prove a 
number of lemmas. This we will do next. 

Lemma 2.1.3. Let X be a space and let 3 be an ideal in X. Then Cqq{X) is an 
ideal in CsiX). 

Proof. Note that Cqq(X) is non-empty, as it contains 0. (Observe that there always 
exists a null subset of X; this constitutes a neighborhood for 0 = supp(O) in X.) 
To show that CQg(X) is closed under addition, let f,g£ Cqq(X). Then, there exist 
null neighborhoods U and V of supp(/) and supp(( 7 ) in X, respectively. Note that 
coz(/ + g) C coz(/) U coz{g). Thus 

supp(/ -f g) C supp(/) U supp(( 7 ) C intxU U intx^ 4 intx{U U V). 

Therefore supp(/ -I- g) has a null neighborhood in X, namely U iJV. Then f + g £ 
Cqq{X). Next, let / G C'qo(X) and g £ Cb{X). Note that coz{fg) C coz(/). 
Thus supp{fg) 4 supp(/). In particular, supp(/ 5 ) has a null neighborhoods in 
X, as supp(/) does. Therefore fg £ Cqq{X). That Coo(-^) is closed under scalar 
multiplication follows trivially. □ 

The subspace XjX of fdX introduced below plays a crucial role in our study. The 
space A 3 X has been first considered in [14] (and later in m, na, m and m) to 
study certain classes of topological extensions. 

Definition 2.1.4. Let X be a completely regular space and let 3 be an ideal in 
X. Dehne 

AaX = U{ vatiixcljixC : C G Coz{X) and c\xC has a null neighborhood in Af}. 

The space AjAf just defined may have a better expression if one requires X to 
be normal. This is the subject matter of the next proposition. (See also Lemma 
12.1.111 ) We need the following simple lemma. 

Observe that for a space X and a dense subspace D of Af we have 

c\xU = c\x{Ut3D) 
for every open subspace 17 of At. 

Lemma 2.1.5. Let X be a completely regular space. Let f : X ^ [0,1] be a 
continuous mapping and 0 < r < 1. Then 

4 int/ 3 xcl/ 3 x/“^([ 0 ,r)). 

Proof. Note that 

fp\[0,r)) Ciiitpxcl0xfp\[O,r)) 

and 

dpxfp^{[0,r)) =clpx{X(lfp^{[0,r))) = clpxf~^{[0,r)). 

□ 
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Proposition 2.1.6. Let X be a normal space and let Of be an ideal in X. Then 
AaX = y^{\TLtpxc\pxU : c\xU is null}. 

Proof. Denote 

T = [J{int/ 3 xcl/ 3 xt^ : clxU is null}. 

To show that AjX C T, let C S Coz{X) such that clxC has a null neighborhood V 
in X. Since X is normal, there is an open neighborhood U of c\xC whose closure 
c\xU is contained in V. Thus clxU is null and therefore inipxclpxU C T by the 
definition of T. But then \TApxc\pxC C T. This show that XjX C T. To show 
the reverse inclusion, let t G T. Note that T is an open subspace of fdX. Let 
/ : pX —>• [ 0 , 1 ] be a continuous mapping such that 

f{t) = 0 and /|; 3 a:\t = 1 - 

Observe that /“^([0,l/2]) is contained in T, and it is compact, as it is closed in 
PX. Therefore 

(2.1.1) ([0,1/2]) C int/3xcl/3A:Cli 0 ■ • • U int^xcl/3A:tln, 

where clxUi is null for each i = 1,... ,n. Thus, if we intersect the two sides of 
(12.2.111) with X we have 

X n /-1([0,1/2]) C clxUi U • • • U clxUn = ClxU, 

where U = t/i U U Un. Let C = X D /“^([0,1/3)). Then C G Coz(X) as 
/“^([0,1/3)) G Coz(px). (To see the latter, let 

g = max|o, 

and observe that coz{g) = /“^([0,1/3)).) Now clxC has a null neighborhood in 
X, namely clxU. Therefore InipxclpxG C A^X. But then t G AjX, as t G 
/“^([0,1/3)) and /“^([0,1/3)) C int/jx 0 / 3 x 0 by Lemma [2.1.51 This shows that 
T C A 3 X, and concludes the proof. □ 

Definition 2.1.7. Let X be a space and let 3 be an ideal in X. Then X is called 
locally null (with respect to 3) if every point of X has a null neighborhood in X. 

Observe that for a completely regular space X and a continuous mapping / : 
PX [0,1] we have (f\x)p = f, as both mappings are continuous and coincide on 
the dense subspace X of pX. 

Let X be a space. An ideal H of Cb{X) is said to be non-vanishing (or free or 

of empty hull) if for every x G X there is some h G H such that h{x) 0. 

Lemma 2.1.8. Let X be a completely regular space and let 3 be an ideal in X. 
The following are eguivalent: 

(1) X C AaX. 

(2) X is locally null. 

(3) Coo(X) is non-vanishing. 

Proof. (1) implies (2). Let x G X. Then x G A 3 X and therefore x G int/ 3 xcl/ 3 xD 
for some D G Coz(X) such that clxU has a null neighborhood V in X. But V is 
then a neighborhood of a; in X as well, as a; G clpxU D X = clxU. 

(2) implies (1). Let x G X and let 17 be a null neighborhood of x in X. Let 

/ : X ^ [0,1] be a continuous mapping with f{x) = 0 and f\x\intxU = 1- Let C = 
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/-i([0,l/2)). Then C e Coz(X). Now dxC C /-i([0,l/2]) and /-i([0,l/2]) C 
inixU. Thus N is a null neighborhood of c\xC in X. Therefore inipxclpxC C AoX. 
But then x S as cc G /^^([0,1/2)) and //"^([0,1/2)) C intpxdpxC by Lemma 

Em 

(2) implies (3). Note that Cqo(^) is an ideal in Cb{X) by Lemma E. 1.31 Let 
X € X and let F be a null neighborhood of a: in X. Let W be an open neighborhood 
of X in X with c\xW C intjfl^. Let g : X — >■ [0,1] be a continuous mapping with 
g{x) = 1 and g\x\w = 0 - Then supp((?) C clxlT, as coz{g) C W. Thus 1 ^ is a null 
neighborhood of supp( 5 ) in X. Therefore g £ Cqo(X). 

(3) implies (2). Let x G X. Then x G coz(/i) for some h G C'qq(X). Since 

supp(/i) has a null neighborhood in X and x G supp(h), it then follows that x has 
a null neighborhood in X. □ 


Lemma 2.1.9. Let X be a completely regular space and let J be an ideal in X. For 
any subspace A of X, if clpx A C A^X then dxA has a null neighborhood in X. 


Proof. By compactness, we have 

(2.1.2) dpxA C int/3xcl/3xCi U • • • U inipxApxCn, 

where Ci G Coz(X) for each z = 1,..., n, and dxCi has a null neighborhood Ui in 
X. Intersecting both sides of (12.1.21) with X we have 

dxA C dxCi U • • • U dxCn- 


Now 


dxCi U • • • U dxCn C intxL'i U • • • U intxUn C intxlT 


where W = C/i U • • • U C/„. Therefore clx^ has a null neighborhood in X, namely 
W. □ 


Lemma 2.1.10. Let X be a completely regular space locally null with respect to an 
ideal 3 of X. The following are equivalent: 

(1) AjX is compact. 

(2) 3 is non-proper. 

(3) C^iX) is unital. 

Proof. (1) implies (2). Note that X C A^X by Lemma [2.1.81 as X is locally null. 
Since A^X is compact we have cl^x-^ Q X^X. Therefore X is null by LemmaEUHl 

(2) implies (3). Suppose that X is null. Then the mapping 1 is the unit element 

oiCUX). 

(3) implies (1). Suppose that C'Qg(X) has a unit element u. Let x G X. Since 
X is locally null, there is a null neighborhood C/x of x in X. Let 14 be an open 
neighborhoods of x in X such that clxlx 4 va.ixUx. Let /x : X —>■ [0,1] be a con¬ 
tinuous mapping such that /x(x) = 1 and fx\x\Vx — Then Ux is a neighborhood 
of supp(/x) in X, as supp(/x) C dxVx. Therefore fx G C'qo(X). We have 

u{x) = ■u(x)/x(x) = /x(x) = 1 

Thus u = 1 and therefore X = supp(m) is null. Since X G Coz(X) trivially, it 
follows that AjX = /3X is compact. □ 

Lemma 2.1.11. Let X be a normal space and let 3 be an ideal in X. Then 

A 3 X = (J{cl/ 3 jc^ : dxA has a null neighborhood in X}. 
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Proof. Let 

T = \^{c\pxA : dxA has a null neighborhood in X}. 

By the definition of X^X it is clear that X^X C T. We check that T C AjX. 

Let A be a subset of X whose closure clx^ has a null neighborhood in X, say 
U. Since X is normal, by the Urysohn lemma, there exists a continuous mapping 
5 : X —>■ [0,1] such that 

9\c\xA = 0 and g|A\intxC/ = 1- 
Let 

C=<7-i([ 0,1/2)) eCoz(X). 

Then c\xC has a null neighborhood in X, namely U, as 

clxCCg-i([0,l/2]) CintxC/. 

Therefore vaipxdpxC C XjX. But 1/2)) C \-aipxdpxC by Lemma [2.1.51 

and thus 

d0xA C ^{gp) C 5^1 ([0,1/2)) C AaW 

□ 

Definition 2.1.12. Let X be a completely regular space locally null with respect 
to an ideal 3 oi X. For any / S Cb{X) denote 

fx = //sIajX- 

Observe that by Lemma 12.1.81 the mapping fx extends /. 

Lemma 2.1.13. Let X be a normal space locally null with respect to an ideal 3 of 
X. For any f € Cb{X) the following are equivalent: 

(1) /eCo^oW- 

(2) fx e C'oo(Aa2f). 

Proof. Note that X C A^X by Lemma [2.1.81 as X is locally null. 

(1) implies (2). Since clxCOz(/) = supp(/) has a null neighborhood in X we 
have cl/ 3 xCOz(/) C A^X by Lemma 12.1.111 Thus 

supp(/a) = c1a3acoz(/a) = c1a3a(^ O coz(/a)) 

= c 1 a 3 acoz(/) = AjX n c\pxcoz{f ) = clpxcoz{f) 

is closed in /3X and is therefore compact. 

(2) implies (1). Note that c\pxCOz{f) C supp(/a), as coz(/) C coz(/a) C 

supp(/a) and the latter is compact. In particular cl^xCOz(/) C AjX. By Lemma 
12.1.91 it follows that supp(/) has a null neighborhood in X. □ 

A version of the Banach-Stone theorem (Theorem 7.1 of [1]) states that for any 
locally compact spaces X and X, the rings C'oo(X) and Coo(X) are isomorphic if 
and only if the spaces X and Y are homeomorphic. (See [3].) This will be used in 
the proof of the following main result of this section. 

Theorem 2.1.14. Let X be a normal space locally null with respect to an ideal 3 of 
X. Then Cqq{X) is an ideal ofCB{X) isometrically isomorphic to Coo(X) for some 
unique (up to homeomorphism) locally compact space Y, namely, for Y = A^X. 
Furthermore, 

(1) X is dense in Y. 
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(2) Cqq(X) is non-vanishing. 

(3) Cqq{X) is unital if and only if 3 is non-proper if and only ifY is compact. 

Proof. Observe that Cqq(X) is an ideal of Cb(X) by Lemma 12.1.31 Define a map¬ 
ping 

: Cl^{X) Coo(AaX) 

by 

i ’ if ) = /a 

for any / G Cqq(X). By Lemma [2.1.131 the mapping if is well defined. It is clear 
that if is an algebra homomorphism and that it is injective. (Again, note that 
X C AjA, and use the fact that any two scalar-valued continuous mapping on AjA 
coincide, provided that they agree on the dense subspace A of A 3 A.) To show 
that if is surjective, let g G ( 7 oo(A 3 A). Then (g|x)A = g and thus g\x e C^oix) 
by Lemma 12.1.131 Note that if{g\x) = <?■ To show that if is an isometry, let 
h G C'oq(A). Then 

IhxlihX) = |/iv|(cU,xA) C MW = MX) c [0, \\h\\] 

where the bar denotes the closure in R. This yields \\h\\\ < ||/i||. That ||/i|| < ||/ia|| 
is clear, as h\ extends h. 

Note that AjA is locally compact, as it is open in the compact space /3A. 

The uniqueness of AjA follows from the fact that for any locally compact space 
T the ring C'oo(T) determines the topology of T. 

(1) . By Lemma 12.1.81 we have A C AjA. That A is dense in A 3 A is then 
obvious. 

(2) . This follows from Lemma [2.1.81 

(3) . This follows from Lemma [2. 1.1 01 □ 

2.2. The normed closed ideal C'q(A) of Cb(X) 

In this section for a space A and an ideal fJ of A we introduce the closed ideal 
C'g(A) of Cb{X). The definition of C'q(A) is modeled on (and generalizes) the 
definition of the closed ideal C'o(A) of C'b(A) which consists of all elements in 
Cb{X) which vanishes at infinity. 

Definition 2.2.1. Let A be a space and let 3 be an ideal in A. Define 
Mo{X) = {f€CB{X):\f\-\[l/n, 00 )) is null for each n}. 

The following is to justify our use of the notation Cq{X). 

Example 2.2.2. Let A be a locally compact space. Consider the ideal 

3 = {AQ X ■. c\xA is compact} 

of A. Then, an argument analogous to the one given in Example 12.1.21 shows that 

Cl{X)=Co{X). 

Under certain conditions the representation of C'q(A) given in Definition 12.2.11 
simplifies. This is the context of the next result. 

Proposition 2.2.3. Let X be a space and let 3 be a a-ideal in A. Then 
Co^(A) = {/gCb(A):coz(/) null}. 
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Proof. Let / G Cq{X). Let n be a positive integer. Then |/| ^([1/n, oo)) is null 
and thus, since Of is a ct- ideal in X, so is the countable union 

OO 

coz(/) = y |/ri([l/n,oo)). 

n—1 

The converse is trivial, as if coz(/) is null, where / G Cb{X), then so is its subset 
|/|“^([l/n, oo)) for each positive integer n. □ 

In order to prove our representation theorem in this section we will prove a 
number of lemmas first. 

Lemma 2.2.4. Let X be a space and let 0 be an ideal in X. Then Cq(X) is a 
closed ideal in Cb(,X). Furthermore, 

C^UX) c C3(X). 

Proof. First we verify the second statement. Observe that if / G C'Qg(X) then 
|/|“^([l/n, oo)) is null for each positive integer n, as it is contained in supp(/) and 
the latter is so. Thus / G Cq{X). 

Next, we show that Cq(X) is an ideal in the algebra CBiX). Note that Cq(X) 
is non-empty, as it contains Cqq(X), and the latter is so (since it is an ideal in 
Cb(X)). To show that Cq(X) is closed under addition, let f,g G Cg (X). Let n be 
a positive integer. The two sets |/|“^([l/(2n), (X))) and |(7|“^([l/(2n), cx))) are null. 
But 

i/ + '7r^([i/^,oo)) c i/r^( ^ 

Thus 1/ -I- 5 |“^([l/n, cx))) is null. Therefore f + g G Cq(X). Next, let / G Cq(X) 
and g G Cb{X). Let m be a positive integer such that |g(a;)| < m for each x & X. 
Then 

|/g|-^([l/n,cx))) C 

and |/|“^([l/(mn), cx))) is null. Thus \fg\~^{\\ln,oo)) is null. Therefore fg G 
Cg (X). That Cq(X) is closed under scalar multiplication follows analogously. 

Finally, we show that Cq(X) is closed in Cb(X). Let / be in the closure in 
Cb(X) of Cq(X). Let n be a positive integer. There exists some g G Cq(X) with 
11/ - gW < 1/(2n)- Let t G |/|“i([l/n, oo)). Then 

^ < \ f{t)\ < \ f{t) - git)\ + \g{t)\ < 11/ - 5|| -f \g{t)\ < ^ + \9{t)\ 

and thus |( 7 (t)| > l/(2n). That is t G |(7|“^([l/(2n), oo)). Therefore 

|/ri([l/n,oo)) C 

Since the latter is null, so is |/|“^([l/n, oo)). Thus / G Cq{X). □ 

Lemma 2.2.5. Let X be a completely regular space and let 3 be an ideal in X. 
The following are eguivalent: 

(1) X C AaX. 

(2) X is locally null. 

(3) Cq{X) is non-vanishing. 

(4) Cqq{X) is non-vanishing. 
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Proof. The equivalence of (1), (2) and (4) follows from Lemma [2.1.81 

(4) implies (3). Note that Cq{X) contains (7oo(-^) by Lemma [2. 2. 41 Thus Cq{X) 
is non-vanishing if C'qq(X) is so. 

(3) implies (2). Let x € X. Then f{x) ^ 0 for some / G Cq{X). Let n be a 
positive integer such that I/(a:)I > 1/n. Then |/|“^([l/n, oo)) is a null neighborhood 
of a: in X. □ 

Lemma 2.2.6. Let X be a completely regular space locally null with respect to an 
ideal 3 of X. The following are equivalent: 

(1) AjX is compact. 

(2) 3 is non-proper. 

(3) Cq{X) is unital. 

(4) CliX) is unital. 

Proof. The equivalence of (1), (2) and (4) follows from Lemma [2. 1.1 01 

(2) implies (3). Suppose that X is null. Then the mapping 1 is the unit element 
oiC^X). 

(3) implies (2). Suppose that Cq{X) has a unit element u. Let Ux, 14 and fx be 

as defined in the proof of Lemma [2.1.101 Note that fx G Cq{X), as fx G C'oo(X) 
and C'qq(X) C Cq{X) by Lemma [2.2.41 Arguing as in the proof of Lemma [2.1.101 
we have u = 1. This implies that X = u“^([l, oo)) is null. □ 

Recall that in any space any two disjoint zero-sets are completely separated, in 
the sense that, there exists a continuous [ 0 , l]-valued mapping on the space which 
equals to 0 on one and 1 on the other. (To see this, let S and T be a pair of disjoint 
zero-sets in a space X. Let S = z(/) and T = z{g) for some continuous mappings 
/, 5 : X —>• [0,1]. The mapping 

is well defined and continuous with /ijs = 0 and h\T = 1 .) 

Lemma 2.2.7. Let X be a completely regular space locally null with respect to an 
ideal 3 of X. For any f G Cb{X) the following are equivalent: 

( 1 ) f€CUX). 

( 2 ) heCoihX). 

Proof. Note that X C AjX by Lemma [2.1.81 as X is locally null. 

(1) implies (2). Let fc be a positive integer. Observe that 

X= \f\~\[i./k,oo)) and B = \f\-\[0,l/{k1)]) 

are zero-sets in X and they are disjoint. Thus, they are completely separated in X. 
Let (/fe : X — 5 > [0,1] be a continuous mapping such that gk\A — 0 and gkls = 1- Let 

Cfe=g,-i([0,l/2)) GCoz(X). 

Then c\xCk has a null neighborhood in X, as 

c\xCkCg-\[0,l/2]) C |/|-l((^,(X))), 

and the latter is null. Therefore inipxclpxCk 4 A 3 X. Arguing as in the proof of 
Lemma [2.1.51 we have 

l// 3 rH(l/^.oo)) c c\px\f\~^{{l/k,oo)). 
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Since 

cl/3x|/rH(l/fc,oo)) Ccl/3xz(gk) Cz(gf) C (gf)-! ([0,1/2)) 

and 

1/2)) C int/sxcl/sxCk 

by Lemma r2.1.5l it follows that 

( 2 . 2 . 1 ) lfyr^((l/k,oo))CAoX. 

Now, let n be a positive integer. Using (12.2.11) . we have 

|//3r^([l/n,oo)) C C AorX 

Therefore 

|/Ar^([l/n,oo)) = AaAT D \fp\-'^{[l/n,oo)) = \fp\-^{[l/n,oo)) 
is compact, as it is closed in PX. 

(2) implies (1). Let n be a positive integer. Then since |/A|“^([l/'n., oo)) contains 
|/|“^([l/n, oo)) and it is compact, we have 

cl/ 3 x|/rH[l/ii, oo)) C |/A|“^([l/n,oo)) C XjX. 

But then |/|“^([l/n, cxd)) has a null neighborhood in X by Lemma [2.1.91 and is 
therefore itself null. □ 


There is a version of the Banach-Stone theorem which states that for any locally 
compact spaces X and Y, the rings Cq{X) and C'o(U) are isomorphic if and only 
if the spaces X and Y are homeomorphic. (See [3].) This will be used in the proof 
of the following main result of this section. 


Theorem 2.2.8. Let X be a completely regular space locally null with respect to 
an ideal J of X. Then C'q(X) is a closed ideal of Cb{X) isometrically isomorphic 
to Cq{Y) for some locally compact space Y, namely, for Y = XjX. The space 
Y is unique up to homeomorphism and coincides with the spectrum of Cq{X). 
Furthermore, 

(1) X is dense in Y. 

(2) Cq{X) is non-vanishing. 

(3) Cqq(X) is dense in Cq{X), if X is moreover normal. 

(4) Cq{X) is unital if and only if 3 is non-proper if and only ifY is compact. 


Proof. Observe that Cq{X) is a closed ideal of Cb{X) by Lemma 12.2.41 
mapping 


^:C^{X)^CoiX3X) 


Define a 


by 


</(/) = /a 


for any f £ Cq{X). By Lemma [2. 2. 71 the mapping (j) is well defined, and arguing as 
in the proof of Theorem l2. 1.141 it follows that (j) is an isometric algebra isomorphism. 

Note that AjX is locally compact, as it is open in the compact space ftX, and 
X^X contains X (as a dense subspace) by Lemma [2.2.51 

The uniqueness of XjX follows from the fact that the topology of any locally 
compact space T is determined by the algebraic structure of the ring C'o(T). Note 
that by the commutative Gelfand-Naimark theorem the Banach algebra Cq{X) is 
isometrically isomorphic to C'o(F') where Y' is the spectrum of Cq{X). Since Y' 
is a locally compact space the uniqueness implies that Y' = X^X. 
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(1) . By Lemma 12.2.51 we have X C AjX. That X is dense in AjAC is then 
obvious. 

(2) . This follows from Lemma [2.2.51 

(3) . Let (j) be as dehned in the above and let ip = Then 

^ : C^^{X) Coo(AaX), 

and ijj is surjective by the proof of Theorem 12.1.141 The result now follows from 
the well known fact that Coo(T) is dense in Co(T) for any locally compact space T. 

(4) . This follows from Lemma [2.2.61 □ 

Remark 2.2.9. Assuming that Cq(X) is a Banach algebra, it follows from the 
commutative Gelfand-Naimark theorem that Cq(X) is isometrically isomorphic 
to C'o(T) for some locally compact space V. Our approach here in Theorem 12.2.81 
(apart from its independence of the proof) has the advantage that it provides certain 
information about either the Banach algebra Cq(X) or the space Y that is not 
generally expected to be deducible from the standard Gelfand theory. This fact is 
particularly highlighted in the second Part [3] where we consider specific examples 
of the space X or the ideal 3. 

For a space X and an ideal fJ in JT it might be of some interest to determine 
when Coo (AT) = This will be done in the next theorem. 

Let AT be a locally compact space. It is known that Coo(X) = Co(X) if and only 
if every cr-compact subspace of X is contained in a compact subspace of X (see 
Problem 7G.2 of [8]); in particular, Coo(X) = Co(X) implies that X is countably 
compact. (Recall that a space X is countably compact if every countable open cover 
of X has a hnite subcover, equivalently, if every countable infinite subspace of X 
has an accumulation point in X; see Theorem 3.10.3 of [7].) This will be used in 
the proof of the following. 

Theorem 2.2.10. Let X he a normal space and let 3 be an ideal in X such that the 
closure in X of each null subset of X has a null neighborhood in X. The following 
are eguivalent: 

( 1 ) C^oiX)=CUX). 

(2) 3 is a a-ideal in X. 

Also, if X is moreover locally null, then (1) and (2) are eguivalent to the following: 

(3) Every a-compact subspace of X^X is contained in a compact subspace of 
X^X; in particular, X^X is countably compact. 

Proof. (1) implies (2). Let A = An where An is a null subset of X for each 
positive integer n. Fix some positive integer n. By our assumption clxAn has a 
null neighborhood {/„ in X. Since X is normal, by the Urysohn lemma, there exists 
a continuous mapping f : X ^ [0,1] such that 

/|clxA„ = 1 and /U\intx;7n = 0- 

Observe that coz{fn) is contained in Un and is therefore null, and thus, using 
our assumption, its closure supp(/n) has a null neighborhood in X. Therefore 
fn S C'oo(A') and thus /„ S Cq{X), as Cqq{X) C Cq{X) by Lemma (2.2.41 Let 

OO p 

n—1 
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Note that / is well defined by the Weierstrass M-test. Also, / S Cq(X), as / 
is the limit of a sequence in Cq(X) and Cq(X) is closed in Cb(X) by Lemma 
12.2.41 But then / e Cqq(X) by (1). In particular, supp(/) and therefore its subset 
coz(/) = IJ^;^ coz(fn) is null. But A C coz(/), as A„ C coz(/„) for each positive 
integer n. Therefore A is null. 

(2) implies (1). Let / € C'g(A'). Then coz(/) = lj^;i |/|“^([l/n, oo)) is null, 
as it is a countable union of null subsets of X. Therefore, using our assumption, 
its closure supp(/) has a null neighborhood in X. Thus / G C'gQ(X). Therefore 
Co(^) C C'oo(^)- That C'og(X) C Cq(X) follows from Lemma 12.2.41 

Now suppose that X is moreover locally null. Let 

</^:C^(X)^Co(hX) 

be the isomorphism defined in the proof of Theorem 12.2.81 Then Cqq(X) and 
Cq(X) are identical if and only if their images (/>(Cqq(X)) and c/>(Cq(X)) are so. 
But (^(C'gg(X)) = C'go(AaX) and (^(C'g(A')) = C'g(AaX), as it is observed in the 
proof of Theorem 12.2.81 Therefore, (1) holds if and only if C'og(A 3 X) = C'g(A 3 Ar), 
while the latter is equivalent to (3). □ 

The following theorem is a complement to the above theorem; for a normal space 
X and an ideal 3 in Af satisfying the required assumptions, the above theorem gives 
a necessary and sufficient condition such that every tr-compact subspace of AjX is 
contained in a compact subspace while the following theorem provides a necessary 
and sufficient condition such that AjX is cr-compact. The space AjX is therefore 
compact if it satisfies the conditions in both theorems. 

Recall that a subset A of a partially ordered set (P, <) is called cofinal if for 
every p £ P there is some a £ A such that p < a. 

Theorem 2.2.11. Let X be a normal space and let 3 be an ideal in X such that the 
closure in X of each null subset of X has a null neighborhood in X. The following 
are equivalent: 

(1) AjAf is a-compact. 

(2) 3 contains a countable cofinal subset consisting of open subspaces of X. 

Proof. (1) implies (2). Let A^X = AT™ where Kn is compact for each positive 
integer n. Since j3X is normal (and A 3 A" is open in fiX)., for each positive integer 
n there is an open subspaces C/„ of fiX such that Kn QUnQ clpxUn C AaAf. We 
may assume our choices are so that Ui C U 2 Q • ■ • ■ Let Vn = X dMJn for each 
positive integer n. We check that the countable set 23 = {I 4 : n = 1, 2,...} of open 
subspaces of Af is a cofinal subset of 3. Note that I 4 , is null for any positive integer n 
by Lemma [2.1.91 as clpxVn Q AjX. Let A be a null subset of X. By our assumption 
clxA has a null neighborhood in X. Therefore, since X is normal, clpxA C A 3 X 
by Lemma [2.1.111 Obverse that A 3 Af = Un- Therefore, by compactness and 
since t/„’s are ascending we have c\pxA C Uk for some positive integer k. Now, if 
we intersect the two sides of the latter with X it gives A C X CiUk = Vk- 

(2) implies (1). Let 23 = {Vn : n = 1, 2,...} be a cofinal subset of 3 consisting 
of open subspaces of X. Observe that dpxVn Q A^X for any positive integer n 
by Lemma l2. 1.111 (as X is normal and clxVn has a null neighborhood in X by our 
assumption). That is 

00 

U cl/3xKt C A3Af. 

n—1 
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We show that the reverse inclusion also holds in the latter. But this follows from 
Lemma r2.1.111 as (by cofinality of 03) for every null subset A of X we have cl^xA C 
clpxVn for some positive integer n. □ 

The following provides an example of a space X and an ideal 3 in X which satisfy 
the assumptions of Theorems 12.2.101 and 12.2.111 

Recall that for a space X and open covers and X oi X it is said that 
is a refinement of X if each element of ^ is contained in an element of 3^. An 
open cover of a space X is called locally finite if each point of X has an open 
neighborhood in X intersecting only a finite number of the elements of . A regular 
space X is called paracompact if for every open cover of A there is an open 
cover of X which refines Paracompact spaces are generally considered as the 
simultaneous generalizations of compact Hausdorff spaces and metrizable spaces. 
Every metrizable space as well as every compact Hausdorff space is paracompact 
and every paracompact space is normal. (See Theorems 5.1.1, 5.1.3 and 5.1.5 of 
[?]■) Every closed subspace of a paracompact is paracompact. (See Corollary 5.1.29 
of [7].) Also, a paracompact space with a dense Lindelof subspace is Lindelof. (See 
Theorem 5.1.25 of [7].) 

Example 2.2.12. Let A be a paracompact space. Suppose that A is locally 
Lindelof, that is, every x € X has a Lindelof neighborhood in A. Let 

£ = {L C A : clxL is Lindelof}. 

We check that £ is a cr- ideal in A. Clearly, if A C L with L G £, then A G £, as 
c\xL is Lindelof and so is its closed subspace dxA. Let Ln G £, for each positive 
integer n. Let 

OO 

K = c\x [J Lnj ■ 

n—1 

Note that K is closed in the paracompact space A and is therefore itself para¬ 
compact. But then K is Lindelof, as it contains IJJ^i dxLn as a dense subspace 
and the latter is so (since it is a countable union of Lindelof subspaces). That is 
Ln G £. This shows that £ is a cr-ideal in A. 

Note that A is locally null, as it is locally Lindelof by our assumption. We now 
verify that the closure in A of each null subset of A has a null neighborhood in 
A. Let L G £. For each a; G A let Ux be a Lindelof neighborhood of x in A. The 
collection {intxUx : a; G A} is an open cover for the Lindelof space c\xL- Therefore 

OO 

cixLG (J iiAxUx^ 

n—1 

for some a;i, 2 : 2 ,... G A. Since A is normal, there is an open subspace H of A with 
cixL C H C clxV C W. Note that clxV is Lindelof, as it is contained in Ux^ 
as a closed subspace and the letter is so (since it is a countable union of Lindelof 
subspaces). Therefore H is a null neighborhood of clxL in A. 

Remark 2.2.13. In [^, for a completely regular space A and a filter base of 
open subspaces of A, the author defined Cag{X) to be the set of all / G C'(A) 
whose support is contained in A \ H for some B G and CooSg{X) to be the set 
of all / G C'(A) such that |/|“^([l/n, 00 )) is contained in A \ H for some B G ^ 
for each positive integer n. (See [2] for certain special cases.) Also, if 3 is an 
ideal of closed subspaces of A, in [1], the authors defined Ca(A) to be the set of 
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all / S C(X) whose support is contained in J, and C'^(X) to be the set of all 
/ G C'(X) such that |/|“^([l/n, cx))) is contained in 3 for each positive integer n. 
Despite certain similarities between our definitions and the definitions given in |28] 
or [1], the existing differences between definitions have left this work with little in 
common with either [28] or [1] . 


Part 3. Examples 


In this part we study specific examples of the ideals C'qo(X) and Cq{X) of Cb{X) 
for various choices of the space X and the ideal 3 of X. Furthermore, we show how 
certain known ideals of Cb{X) may be thought of as being of the form Coo(-^) or 
Cq(X) for an appropriate choice of the ideal fJ of X. Our general representation 
theorems in Part |5| may then be applied to obtain information about the structure 
of such ideals of Cb{X). 


3.1. Ideals in ^oo arising from ideals in N 


In this section we consider certain ideals in N (when N is endowed with the 
discrete topology). This leads to the introduction of certain ideals of ^oo- 

By ^oo, Co and cqo, respectively, we denote the set of all bounded sequences 
in C, the set of all vanishing sequences in C, and the set of all sequences in C 
with only finitely many non-zero terms. Note that ^os = C'b(N), cq = C'o(N) and 
Coo = C'oo(N), if N is given the discrete topology. 

Let 


6 = < A C N : ^ — converges I. 


neA 


Then © is an ideal in N, called the summable ideal in N. A subset of N is called 
small if it is null (with respect to ©). 

Note that there exists a family {Ai : i < 2“} consisting of infinite subsets of N 
such that the intersection Ai fl Aj is finite for any distinct i,j < 2‘^. To see this, 
arrange the rational numbers into a sequence qi,q 2 , ■ ■ ■ and for each i G R define 
Ai = {ni,n 2 ,...} where q ^, qn 2 ,... is a subsequence of qi,q 2 , ■ ■. which converges 
to i. This known fact will be used in the proof of the following. 

Recall that for a collection {Xi : i G /} of algebras the direct sum ^i^j Xi is 
the set of all sequences {xi}i^i where Xi G Xi for each i € I such that Xi = 0 for all 
but a finite number of indices i € I. The set ® jg/ Xi is an algebra with addition, 
multiplication and scalar multiplication defined component-wise. We denote the 
sequence {xi}i^i by the sum ^i^jXi. The direct sum 0ie/ Xi of a collection 
{Xi : i G 1} oi normed spaces is defined analogously and is a normed space with 
the norm given by 

iGl 

for any J^iei ^ 0*€/ 

The proof of the following makes use of certain standard properties of the Stone- 
Cech compactification as stated in the concluding part of Part [TJ 


= sup {lixillxi : i G /} 
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Theorem 3.1.1. Let 


Soo 


X G £o 


E : 

c(n)/0 


converges 


}■ 


Then 


(1) Soo is an ideal in ioo- 

(2) Soo is non-unital. 

(3) Soo is isometrically isomorphic to Coo(Y) where 


y = cl/ 3 N^ : T C N and — converges 

n&A 


}■ 


In particular, Y is locally compact non-compact and contains N densely. 

(4) Soo contains an isometric copy of the normed algebra 

(5) Sqo/coo contains an isomorphic copy of the algebra 


0 

i<2“ 


e 


oo 


Coo 


Proof. Conditions (l)-(3) follow from Theorem 12.1.141 and the following observa¬ 
tion. Consider the ideal © of N. Note that if x G lac (since N is discrete) then 

supp(x) = {n G N : x(n) ^ O}, 

and supp(x) is null if and only if it has a null neighborhood in N. Thus Soo = C^q (N) . 
Note that N is locally null (indeed, {n} is a null neighborhood of n in N for each 
n G N) and that © is non-proper (as X) 1/^ diverges). Also, note that (since N is 
discrete) every subset A of N is closed and open in N and therefore has an closed 
and open closure cl/jpjA in /3N. Therefore Y = AeN by Proposition l2.1.4l 

(4) . By (3), we may consider C'oo(y) in place of Soq. Let A be an infinite subset of 
N such that J2neA 1/''^ converges (which exists, for example, let A = {2" : n G N}). 
Let Ai, A 2 ,... be a partition of A into pairwise disjoint infinite subsets. Let n be a 
positive integer. We may assume that (^(cl/jNAn) is a subalgebra of C'oo(y)- (Since 
A„ is closed and open in N it has a closed and open closure c1/3nA„ in /3N. Thus each 
element of (^(cl^gNAra) may be continuously extended over Y by defining it to be 
identically 0 elsewhere.) Note that cl^fsjAi and cI/snAj are disjoint for any distinct 
positive integers i and j, as Ai and Aj are disjoint closed and open subspaces (and 
thus zero-sets) of N. Thus, the inclusion mapping 

00 

-0 (^(cl^gNAn) -C'oo(y) 

71 — 1 

is an algebra isomorphism (onto its image) and it preserves norms. (For the lat¬ 
ter, use the fact that cl/SNAi’s are disjoint for distinct indices.) Note that c1/3nA„ 
coincides with /3A„, as A„ is closed in the normal space N. Finally, observe that 

C(c1;3nA„) = C(/3A„) = C(/3N) = Cb{N) = i^. 

(5) . By (3), we may consider C'oo(y) in place of Sqo- Let A be an infinite subset 
of N such that J2nGA 1/''^ converges. Consider a family {Ai : i < 2‘^} consisting of 
infinite subsets of A such that Ai n Aj is finite for any distinct i,j < 2“. Let 

Lf = {/ G C'oo(y) : supp(/) C A} 
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and let 


Hi = {f € : supp(/) C A,} 


for each i < 2^. As in (4), we may assume that C(cl/ 3 NAi) is a subalgebra of C'oo(i^) 
for each z < 2‘^, and thus, we may assume that Hi C H. Note that ii f G H then 
supp(/) is finite, as it is a compact subspace of N. 

Define a mapping 


0:0 

i<2^ 


C(clffNAi) 


Coo(y) 

H 


by 


(/* + Hi) I fi + H 

i<2" i<2" 


where fi G (^(cl/jNAi) for each i < 2‘^. We show that 0 is an isometric isomorphism 
onto its image; since 

f-^(cl/3NAi) £qo 

Hi Coo 

for each i < 2‘^, this completes the proof. 

First, note that 0 is well defined; to show this, let 


ifi + Hi) — {gi + Hi) 

i<2“ i<2‘^ 


where fi,gi G (^(cl^gNAi) for each i < 2“^. For each z < 2“ then fi + Hi = gi + Hi, 
or equivalently fi — gi G Hi] in particular fi — gi G H. Thus 

ifi -gi) GH 

i<2“ 


and therefore 

= E /* + ^= E^^* + ^ = ®(E( 5 * + ^*))- 

'i< 2 ‘^ ^ i<2'^ i< 2 ‘" 'i< 2 ‘^ ^ 

Now, we show that 0 preserves product. Let fi,gi G C(cl/ 3 NAi) for each z < 2“. 
Then 

0 f E ' E + Hi^ = 0 ^ {figi + Hi)\ = + H. 

'^i< 2 " i<2‘^ ^ 'i< 2 ‘^ ^ i< 2 ‘" 

Note that if A:, / < 2“ with k I then 

supp ifkgi) Q supp(/fe) n supp( 5 /) 

C cl/3NAfc n c1/3nA/ = cl/3N(Afe fl A;) = Afc fl A; C A 
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and thus fkgi G H. We have 

ef ^(/. + i/.)) -ef J2{g. + H,) 


i<2<^ 


i<2‘‘ 


= E/^+^ • + ^ 

^i<2^ ^ ^i<2^ 

= (j2f^J29)+H 


i<2‘^ i<2^ 


— ( E ^ E ) + H 

^i<2‘^ k^l 

= E + H- 


i<2<^ 


This together with the above relations proves that 

©f E(/* + ^»)- J2(9^ + H^)) =q( E(/» + ^*)) ■©( Y.(9^ + H.)]■ 


'i<2“ i<2“ ^ ^i<2“ ^ ^i<2'^ 

That 0 preserves addition and scalar multiplication follows analogously. 
Next, we show that 0 is injective. Let 


©i E(/*+^o) = 0 


i<2^ 


where fi € C(cl^i^y4i) for each i < 2^. Then 

J2f^ + H = 0, 


i<2‘^ 


or, equivalently 


h=J2f^&H. 


i<2<- 


Suppose that where j = 1,... ,n, are the possibly non-zero terms. Fix some 
A: = 1,..., n. Then 

h.=h- E 

We have 

coz(/,J C coz(/i) U IJ coz(/jJ C supp(/i) U IJ cl/jjqA,.. 

Note that the latter set is compact, as supp(h) is finite, since h G H. Therefore 
(3.1.1) SUpp(/, J C SUpp(/l) U IJ cl/JN^i^. 

Intersecting both sides of (|3.1.1|) with cI/jnA^ it yields 
supp(/jJ C supp(/i) U IJ (cl,3N^*j n c1,3n^* J 

l<j^k<n 

= supp(/i)U y cl; 3 N(Ai^ n J = supp(h) U y (Ai.nAi^) 

l<j^k<n ^^j^k<n 




IDEALS IN Cb(X) ARISING FROM IDEALS IN A 


23 


with the latter being a subset of N. Thus 

supp(/jJ C N n cl/3N^ifc = Ai^ 
and therefore fi^. S i/ij.. This implies that 

n 

i=i 

Thus 0 is injective. □ 


Theorem 3.1.2. Let 


So — s X G £qq . E — converges for each e > 0 ^. 

Then 

(1) So is a closed ideal in £oo- 

(2) So is non-unital. 

(3) So contains Soo densely. 

(4) So is isometrically isomorphic to Co{Y) where 


1 


y = : A C N and — 


converges 


neA 


y 


In particular, Y is the spectrum of Sq, is locally compact non-compact and 
contains N densely. 

(5) So/co contains a copy of the normed algebra 


0 

i<2" 


Co 


Proof. The proofs for (l)-(4) are analogons to the proofs for the corresponding 
parts in Theorem lS.l.ll making use of Lemma [2. 2 .41 Note that if x S £oo and e > 0 
then |x|“^([e, oo)) is null (with respect to ©) if and only if 

E - 

|x(r!,)|>e 


converges. Thus, in particular So = C®(N). 

(5). The proof of this part is analogous to the proof of the corresponding part 
in Theorem 13.1.11 we will highlight only the differences. 

Let A and i < 2“^} be as chosen in the proof of Theorem 13.1.11 Let 

7L = {/ G C'o(y) : 1/1“^ ([e, oo)) C A for each e > 0} 


and let 

Hi = {f G C(cl/3N^i) : |/r^([e,oo)) C Ai for each e > 0} 


for each i < 2“. We consider C(cl/ 3 N^i) as a normed subalgebra of C'o(y), and thus, 
we may assume that Hi C H for each i < 2“. Note that if i < 2“ and f G Hi then 
|/|“^([e, oo)) is a finite subset of Ai, as it is compact (since it is closed in cl/j^Ai). 
Define a mapping 


0:© 

i<2^ 


C(cl/3N^») 

H, 


go(y) 

H 
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by 


ifi+Hi) H> fi+H 


i<2“ i<2“ 

where fi G (7(01/3^^^) for each i < 2‘^. Arguing as in the proof of Theorem 13.1.11 
it follows that 0 is well defined. The proofs that 0 preserves product is analogous 
to the corresponding part in the proof of Theorem 13.1.11 simply observe that if 
fi,gi G (^(cl/jNAi) for each i < 2‘^ and e > 0, then for any k,l < 2‘^ with k ^ I we 
have 


\fk9i\ y[e,oo)) C coz{fkgi) 

C coz(/fc) ncoz(g;) 

C cl/ 3 NAfc n cI/JnA; = cl^N(Afc fl A;) = Afc fl A; C A 

and thus fkgi G H. The proofs that 0 preserves addition and scalar multiplication 
are analogous. 

Now, we show that 0 is injective. Let 


where fi G (^(cl/jNAi) for each i < 2“. Suppose that fi., where j = 1,..., n, are the 
possibly non-zero terms. Fix some k = 1,..., n. Then, as in the proof of Theorem 
13.1.11 we have 

f^.=h- E 4 

l<j^k<n 

for some h G H. Let e > 0. Then 

|/*J-i([e,oo)) C |/i|-i([e/n,oo)) U |J ([e/n, oo)) 

l<_77^fc<n 

C A U [J cl^sNAi^. 

Arguing as in the proof of Theorem 13.1.11 intersecting both sides of the above 
relation with cI/jhA^ it yields 

|/,J"y[e,oo)) C A,, 


and therefore G . This implies that 

n 

E(/g+^^*.) = 0- 

i=i 


Thus 0 is injective. 

Next, we show that 0 is an isometry. First, we need to show the following. 


Claim. Let i < 2“ and f G (^(cl/jNAi). Then 

11 / + Hi\\ = ||/|f\n 


Proof of the claim. Suppose to the contrary that 
(3A.2) ||/ + iL,|| < ||/|r\N 

Then 


“ = 11/ + ^lloo < ||/Iv\n||oc 
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for some h G Hi. Let a < 7 < ||/|y\N||oo- Then 

B = |/r^([7,cx))) C |h|-i([7-a,oo)) = C; 

as if 2 / G T such that |/(y)| > 7 , then 

a > \f{y) + h{y)\ > \f{y)\ - \h{y)\ > 7 - \h{y)\ 

and thus \h{y)\ > 'y — a. Note that B is a finite subset of N, as C is so, since h G Hi. 
We have 

y = c1yN = BUc1y(N\B) 

and thus 


|/|(T\N)C|/|(clY(N\i?)) C|/|(N\i?) = |/|(Nn|/|-i([0,7))) 

c I/I(I/|-K[o>7)))cM = [o,7], 

where the bar denotes the closure in K. This implies that ||/|y\nI|oo < 7 , which 
contradicts the choice of 7 . Thus (|3.1.2I) is false, that is 

(3.1.3) ||/ + i7dl > ||/|y\nL. 

Now, we prove the reverse inequality in (13.1.31) . Let 5 = ||/|y\nIIoo. We first 
show that 

Zl,=Nn|/r'((<5 + e,cx))) 

is finite for every e > 0. Suppose the contrary, that is, suppose that De is infinite 
for some e > 0. Note that \ N is non-empty, as C N implies that 

= dpfiD^ is compact and is then finite. Let p G dpj^D^ \ N. Note that 

disnDe = cl/3N|/r^((^ + e, CX))). 


We have 


l/l(p) G I/KcWT*,) = |/|(c1 ;3 n|/| ^((^ + e,oo))) 

G |/|(|/|-^((<5-f e,oo))) C (5-he, 00 ) = [.5-he, 00 ), 
where the bar denotes the closure in R. Therefore 

<5 = ||/Iy\n||oo ^ \ f(.p)\ > <5-h e, 

which is not possible. This shows that is finite for every e > 0. Now, let e > 0. 
Define a mapping h : Y ^ C such that h{x) = —f{x) it x € and h{x) = 0 
otherwise. Note that is closed in Y, as it is finite, and is open in Y, as 
it is open in N and N is open in /3N (and thus in Y), since N is locally compact. 
Therefore h is continuous. Observe that 


coz(h) C Dj C N n I/I ^ ([<5 -h e, 00 )) C N D cI/jn^i = di. 
Thus h a Hi. Note that / -h h = 0 on Dg and f + h = f on Y \ D^. Also, 

||/|n\dJ|^ < 5-he 
by the way we have defined D^. Now 

11/ + .ffill < 11/ + /i||oo = ||/|y\d, IIoo = max {||/|pj\D, I|/I'^'\n||oo} < 

Since e > 0 is arbitrary, it follows that 

11 / + Hi\\ < 6 = ||/|y\n||oo- 
This together with (13.1.31) proves the claim. 
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Claim. Let ii, 2“^ and fi^ G (7(cl/3N^ij) jor each j = 1 , ... ,n. Then 


E 4 +^ = E 4 - 

i=i ^i=i 


y\N 


Proof of the elaim. This follows by an argument similar to the one we have given 
in the first claim; one simply needs to replace / by X]j=i /h' ’ 

A throughout. 

Now, let ii,..., < 2“^ and fi^ G C(cl/ 3 N^ij) for each j = 1,..., n. For simplic¬ 

ity of the notation let 

n 

f = T.f^r 

i=i 

Let 1 < j ^ k < n. Then Aj n Ak is finite and thus 

coz(/jJ n coz(/i,) C cl^N^jfc n c1/3nA = cl/3N(Aifc Cl Ai^) = Ai^ n Ai^ C N. 

In particular, 

COz(/jj, |y\N) n COz(/i, |y\N) = 0- 
Now, by the second claim 


0 E(4+^g) =ll/ + ^f|l = ||/lnN| 

Vj=i / 

and by the first claim 

||/|y\NL = max{||/|(eip^A..\N)L : j = 

= max{||4|y\N||^ : j = 

= max{||/i^. : j = l,...,n} = 


E^'^b + 

i=i 


That is, 0 is an isometry. 


□ 


Remark 3.1.3. Any sequence / : N —>■ (0,oo) such that /(’^) diverges, 

determines an ideal 


6/ = < A C N : ^ f{n) converges > 

neA ^ 


in N. This provides a more general setting to state and prove Theorems 13.1.11 and 

mi 


Let 

2) = |a C N : limsup ^ = 0 

n—>oo ^ 

Then 2) also is an important ideal in N, called the density ideal in N. In other 
words, 2) consists of those subsets of N such that D has an asymptotic density 
zero. Note that every small set in N has an asymptotic density zero, that is 6 C 2); 
the converse, however, does not hold in general. The set of all prime numbers 
has an asymptotic density zero but it is not small. (For more information on the 
subject, see m) 

The following is dual to Theorems l3.1.1l and l3.1.2l and may be proved analogously, 
by replacing the ideal 6 by the ideal 2) throughout all proofs. 
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Theorem 3.1.4. Let 


doo = i X e £ao '■ lim sup 


\{k <n ■. x(fc) 7 ^ 0 }| 


= 0 


and 


Do = -{ X G ioo ■ lim sup 

n—¥oo 


\{k<n: |x(A:)| > e}| 


n 


= 0 for each e > 0 


Then 


( 1 ) Ooo is an ideal in ioo and Dq is a closed ideal in ioo- 

( 2 ) Ooo is dense in Dq- 

(3) Neither Dqo n-or Dq is unital. 

(4) Oqo and Dg are isometrically isomorphic to Coq(Y) and Cq{Y), respectively, 
where 


Y = 



cl/ 3 N^ : Al C N and lim sup 

n—^oo 


|An{l,...,n}| 

n 



In particular, Y is the spectrum of do, is locally compact non-compact and 
contains N densely. 

(5) Ooo contains an isometric copy of the normed algebra 

(6) Ooo/coo contains an isomorphic copy of the algebra 


0 

z<2“ 


i 


oo 


Coo 


(7) Dq/cq contains an isometric copy of the normed algebra 


0 

i<2" 


i 


oo 


Co 


3.2. The structure of non-vanishing closed ideals in Cb{X) 

In this section, for a completely regular space X, we consider non-vanishing 
closed ideals of Cb{X). (Recall that an ideal H of Cb{X) is called non-vanishing 
if for each x € H there is some h G H such that h{x) 7 ^ 0.) We first show how a 
non-vanishing closed ideal H of Cb{X) can be thought of as being Cq^X) for an 
appropriate choice of an ideal 3 oi X. Our representation theorems in Part [5] will 
then enable us to determine the spectrum of H (denoted by sp(i7)) as a subspace 
of fix. We will see how the known construction of 5p{H) allows a better study of 
its properties. 

We start with the following definition. 

Definition 3.2.1. Let X be a completely regular space and let H be an ideal in 
C'b(X). Define 

XhX = [J cl/ 3 x|h|“^((l, 00 )), 

h&H 

considered as a subspace of jdX. 

As we will see the space XhX dehned in the above definition is nothing but XfjX 
for an appropriate choice of the ideal io of AT. 
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Lemma 3.2.2. Let X be a completely regular space and let f G Cb{X). Let 
fi, f 2 ,■ be a sequence in Cb{X) such that 

l/r^([l/'«>oo)) C |/„|-i([l,cx))) 

for any positive integer n. Then, there is a sequence 51 , 52 ,-w Cb{X) with 
9nfn ^ f• 


Proof. Fix some positive integer n. We define a mapping it„ : X —>■ C by 

„ if a: e |/nr^([l,oo)); 

I /n(x), ifcre|/„|-H[0,l]). 


The mapping is well defined, as l//„(a:) = fn{x) for any x in the intersection 

|/„|-i([i,oo))n|/„|-i([0,i]) = |/„|-i(i), 

and Un is continuous, as it is continuous on each of the two closed subspaces 
|/n|“^([l,00)) and |/„|“^([0,1]) of X whose union is the entire X. Note that 
|u„(a;)| < 1 for each x € X. In particular, Un & Cb{X). We now verify that 

(3.2.1) \unfnf{x) - fix)\ < 1/n 


for each x € X. Let x G X. We consider the following two cases: 

Case 1.: Suppose that x £ |/n|“^([l, cxd )). Then Un{x)fn{x) = 1 by the 
definition of Un- Therefore Unfnf(x) — f{x) = 0, and thus (j3.2.1ll holds 
trivially in this case. 

Case 2.: Suppose that x G |/n|~^([0,1)). Then fn{x) = Un{x) by the defini¬ 
tion of Un- Therefore 

Unix)fnix)f{x) - /(x) = \unix)\'^f ix) - /(x) = [|■U„(x)|^ - l]/(x). 

But |m„(x)| < 1 and |/(x)| < 1/n, as using our assumption 
|/»r'([0,l)) C|/|-i([ 0 ,l/n)). 

Therefore (I3.2.1|) holds in this case as well. 

By (13.2.11) it follows that \\unfnf — f\\ < ^/n for each positive integer n, and 
consequently \\unfnf — f\\ —t 0. For each positive integer n let 5„ = Unf■ Then 
51,52 ,... is a sequence in Cb(X) such that gnfn f ■ D 


Lemma 3.2.3. Let X be a completely regular space and let H be an ideal in Cb(X). 
Then 

XhX ^ y int/3xcl^x|/?'r^((l,cx:i))- 

hGH 

Proof. Clearly, it suffices to show that 

XrX C [J int/3xcl/3x|^r^((l, 00)). 

h&H 

Let h G H . Then 

cl/3x|/ir^((l,oo)) c |/i/3|"i([l,oo)) c |h/3r^((e,oo)) 
where 0 < e < 1. But 

\hp\~^[i€,oo)) C int/ 3 xcl/ 3 x|^r^((e, 00)) = int/ 3 xcl/ 3 x|/i/er^((l, cx))) 


by (a slight modification of) Lemma [2.1.51 


□ 
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Lemma 3.2.4. Let X be a completely regular space and let H be an ideal in Cb{X). 
Let K be a compact subspace of XhX. Then 

K C int/3xcl/3x/i"^((l,oo)) 
for some non-negative h € H. 

Proof. Using Lemma 13.2.31 and compactness of K we have 

3 

(3.2.2) ^ ^ U int/3Acl/3x|/iir^((l,oo)) 

where hi G H for each z = 1,..., Let 


Then h = ^ihi G H, as H is an ideal in Cb{X). We have 
y |/i*C^((l,cx))) C /i-^((l,oo)). 

i=l 


In particular, 


r 1 

y int/3jfcl/3js:|/ii|“^((l,oo)) C int^gxcl/ix I y ((1, cx))) C int/3xcl/3x/i“^ ((1, oo)). 


2=1 


2=1 


This together with (13.2.21) implies that 

K C int/3xcl/3A/i“^((l,oo)). 


□ 


The next theorem determines the spectrum of a non-vanishing closed ideal of 
Cb{X) as a subspace of PX. 

Theorem 3.2.5. Let X be a completely regular space and let H be a non-vanishing 
closed ideal in Cb{X). Then H is isometrically isomorphic to Co(Y) for some 
unique locally compact space Y, namely, for 

U = U cl;3x|/ir^((l,oo)). 

h^H 

In particular, Y is the spectrum of H. Furthermore, Y contains X as a dense 
subspace. 

Proof. Let 

^ = (l^rH(l:Oo)) :hGH), 

that is, the ideal generated by the sets |/i|“^((l, oo)) for all h G H. Observe that X 
is locally null (with respect to ij), as H is non-vanishing. Then Cq{X) is a closed 
ideal in Cb{X) which is isometrically isomorphic to Cq{\^X) by Theorem 12.2.81 
Furthermore, \s^X is a locally compact space which is unique up to homeomor- 
phism, contains X as a dense subspace and coincides with the spectrum of Cq{X) 
(again by Theorem 12.2.81) . Thus, to prove our theorem, it suffices to show that 
H = Cq{X) and Y = X^jX (with Y as given in the statement of the theorem). 
First, we check that 

(3.2.3) io = y : A C ((1, oo)) for some h G H}. 
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It is clear that \h\ ^((1, cx))), where h £ H,is null, and thus so is any of its subsets. 
Let A £ Then 

k 

(3.2.4) AC U|h,r'((l>oo)) 

2 = 1 

where hi G H for each z = 1,..., A:. Let 

k 

Then h = G ds H is an ideal in Cb{X). Note that 

|/ij|“i((l,cx))) c /i"i((l,oo)) 

for each i = 1,..., fc. Therefore A C h“^((l, oo)) by (I3.2.4|) . 

We check that H = C^{X). It is clear that |h|“^((I/n, oo)) = |n/i|“^((I, oo)) is 
null for each h £ H and positive integer n. Therefore H C Cq{X). To show the 
reverse inclusion, let g £ C^{X). Let n be a positive integer. Then |g|“^([l/n, oo)) 
is null. Therefore 

|5r^([I/n,oo)) C |/i„|-i([l,oo)) 

by (13.2.31) for some £ H. Since this holds for every positive integer n, by Lemma 
13.2.21 there is a sequence vi,V 2 , ... in Cb(X) such that —>■ g. Observe that 

hiVi, h 2 V 2 , ... is a sequence in H, as H is an ideal in Cb{X). This implies that 
g £ H, a.s H is closed in Cb{X). Thus Cq{X) C H and therefore H = Cq{X) by 
the above part. 

Finally, we check that Y = Xs^X. Note that AijX C y by (j3.2.3ll and the 
definition of Xs^X. On the other hand, if C = |/i|“^((I, oo)), where h £ H, then 
C £ Coz(X) (indeed, C = coz(g) where g = max{|h| — 1,0}) and c\xC has a 
null neighborhood in X, say \2h\~^{{l, oo)). Therefore inipxApxC C Xs^X (by the 
definition of X^X). Thus Y C Xs^X by Lemma 15.2.31 fas Y = XhX). □ 

Notation 3.2.6. Let X be a completely regular space and let H he a non-vanishing 
closed ideal in Cb{X). We denote by sp{H) the spectrum of H. 

Next, in a series of results, we use the construction of the spectrum given in 
Theorem 13.2.51 to study its properties. 

The following theorem introduces a necessary and sufficient condition for the 
spectrum of a non-vanishing closed ideal of C'b(X) to be u-compact. First, we 
prove the following lemma (which will be used sometimes without explicit reference 
to it). 

Lemma 3.2.7. Let X be a completely regular space. Then, for any f,g £ Cb{X) 
and r, s £ C we have 

(1) {rf + sg)i3 = rfp + sgfi. 

( 2 ) {lg)fi =Ji3gfi- 

(3) (/)/3 = fp. 

(4) \fp\ = \f\p- 

(5) \\fp\\ = \\fl 

Proof. To show (I) observe that {rf + sg)p and rfp sgp are identical, as they are 
continuous mappings which both coincide with rf + sg on the dense subspace X of 
/3X. That (2), (3) and (4) hold follows analogously. 
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To show (5), note that 

\MiPx) = \u\{cifixX) C C [0, ll/ll], 

where the bar denotes the closure in R. This yields ||/;3|| < ||/||. That ||/|| < ||/^|| 
is clear, as fp is an extension of /. □ 

For a ring R and A C R we denote by (A) the ideal in R generated by A. 

Theorem 3.2.8. Let X be a completely regular space. Let H be a non-vanishing 
closed ideal in Cb{X). The following are equivalent: 

(1) sp{H) is a-compact. 

(2) H is a-generated, that is, 

for some f\,fi, ...in Cb(X). 

Here the bar denotes the closure in Cb{X). 

Proof. (1) implies (2). Suppose that the spectrum of H, which by Theorem 13.2.51 
equals to XhX, is cr-compact. Let 

OO 

(3.2.5) XhX = (J 

n—1 

where Ki, K^,... are compact. For each positive integer n, using the representation 
of XhX given in Lemma 13.2.31 and compactness of Kn, we have 

kn 

(3.2.6) K„C (J int;3Acl/3x|h”r^((l,oo)) 
where G H for each i = 1,..., /cn ■ Let 

kn 

i=l 

Then G iL, as is an ideal in Cb(X). We may assume the choices 

are such that 

{h-,...,h]^Jc{hr\...,hl+l}. 

Thus 

(3.2.7) gn ^ gn+l' 

Arguing as in the proof of Lemma 13.2.41 we have 

(3.2.8) Kn C int/3Acl/3A5n ^(1) oo)). 

On the other hand 

int/3xcl/3AS'))l^((l, oo)) C XhX 

by the definition of XhX. This, together with (|3.2.5I1 and (|3.2.8|) . implies that 

OO 

(3.2.9) XhX = [J int/3Acl/3xff)0^((l, cx))). 

n—1 

Next, we show that 

(3.2.10) H={gi,g2,...); 
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this will conclude the proof. Let h € H. Note that by Lemma [2 .1.5 1 we have 
(( 1 / 2 , 00 )) C int^xcl/ 3 x|/ir^((l/ 2 ,oo)), 

where the latter set is contained in XhX by the definition of XhX. In particular, 

\h^\-\[l,^)) CXhX. 

By compactness of oo)) and the representation given in (|3.2.9p we have 

In 

|/i^r^([l,oo)) C IJ int;3xcl/3x5r^((l:Oo)), 

for some positive integer Thus, intersecting the two sides of the above relation 
with it gives 

In 

(3.2.11) C |Jff-'([l,oo)) 

But, by (|3.2.7p we have 

5 *”^([roo)) c c,;y([i,oo)). 
for each i = 1,..., Therefore, (13.2.111) yields 

l^rH[l>oo)) c g-i([l,oo)). 

By Lemma [3.2.2l there is a sequence /i, / 2 ,... in Cb{X) such that gi^fn —t h. That 
is h G {gi,g 2 , ■ ■ ■)■ This shows that H C {gi,g 2 ,..The reverse inclusion follows 
trivially, as iL is a closed ideal in Cb{X) which contains the generators gn for all 
positive integer n. This proves (j3.2.10|l . 

(2) implies (1). Let 

i?=(/l,/ 2 ,...) 

where /i, / 2 ,... are in C'b(X). We prove that XhX = Y, where 

y = U {cl/ 3 x| 5 rH(l/'«,oo)) : 5 G and n = 1 , 2 ,... }, 

in which 

n = {e'®Vi H-+ : 01 ,... , 6 »fc G Q and fc = 1,2,...}. 

Note that fl is a countable subset of H. This will imply that the spectrum of H 
(which equals to XhX by Theorem 13.2.51) is cr-compact. 

Let t G XhX. Then, by the definition, t G cl/jx|/i|“^((l, 00 )) for some h G H. 
Note that 

cl/ 3 x|/ir^((l,cx))) C |/i'^|-^([l,oo)). 

Thus t G |/i^|“^([l, 00 )) and therefore 

(3.2.12) \h^it)\ > 1/2. 

Let hi,h 2 ,. ■ ■ be a sequence in (/i, / 2 , ■. ■) such that h. Then ^ , as 

\H-h^\\ = \\{K-hf\\ = \\K-h\\ 

by Lemma [5.2.71 Thus h^{t) h^{t) and therefore \h^{t)\ —)■ \h^{t)\. Because of 

(|3.2.12p there is some positive integer k such that \h^it)\ > 1/2. We may write 

i 

hk — ^ ^ '^ifi ; 

2=1 
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where iti,... are in C's(X). Then 


\^k I — hl^hk — ^ ^ hkUifi — ^ ^ '^ifi 

i=l i=l 

where Vi = hkUi for each i = 1,..., L Note that Vi S Cb{X) for each i = 1,..., 
Choose some integer M such that M > ||z)i|| (= ||z)f|| by Lemma [3.2.71) for each 
i = 1,..., L Using Lemma [3.2.71 

= h(l4 = 1^ 

We have 


<\hkfit) = i\hkfyit) = W 

I 


2 = 1 
I 


< E ^ E ii^fiil/fwi < ^E l/fwi- 


2 = 1 2=1 2 = 1 

For each i = 1,..., Z let be a real number such that 

|/fW| =e'« 7 f(t). 

Then, by the above relation 
(3.2.13) 

2 = 1 

For each i = 1 ,..., / let Ci; C 2 ^ ^ sequence of rational numbers such that 

C^O- Then 

i=l i=l 

By (13.2.131) there is some positive integer n such that 


(3.2.14) 

where 


L<^e'C/b*) = /W 


4M 


2=1 


9 = 

2=1 

It is clear that g G il. Observe that 

by Lemma [2.1.51 But t £ g^^((l/(4M), oo)) by II3.2.14|) . Thus t G U by the 
definition of Y. This shows that A^X C Y. That Y C XhX is clear and follows 
from the definition of XhX (and the fact that fl C H). □ 
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Corollary 3.2.9. Let X be a eompletely regular space. Let H be a non-vanishing 
closed ideal in Cb{X). Then, if sp{H) is a-eompaet then H has an element van¬ 
ishing nowhere on X. 

Proof. Suppose that the spectrum of H is cr-compact. By Theorem 13.2.81 then H 
is (T-generated by some fi, f 2 ,... in Cb(X), that is 

(3.2.15) H = {hj2,...). 

We may assume that /„ ^ 0 for each positive integer n. For each positive integer 
n let gn = |/np. Define 

00 

E 9n 

Note that g is well defined by the Weierstrass M-test. Also, gn = fnfn & H for 
each positive integer n, and thus g G H, as g is the limit of a sequence in H and H 
is closed in Cb{X). We show that g does not vanish anywhere on X. Let x G X. 
Since H is non-vanishing, there is some h G H with h{x) ^ 0. By (13.2.151) there is 
a sequence ui, U 2 ,... in {fi, f 2 , ■ ■ ■) such that Un —)• h. In particular, Un{x) h(x). 
Thus, Uk{x) ^ 0 for some positive integer k. But, Uk = vifi H— • -\-Vmfm for some 
ui,..., Um in Cb{X). Therefore fi{x) 0 for some i = 1, ... ,m and thus gi{x) 0. 
Therefore g{x) ^ 0 by the definition of 5 . □ 


The following theorem (which is a further application of Theorem IS. 2.511 may be 
considered as a complement to Theorem l3.2.81 while Theorem l3.2.8l gives a necessary 
and sufficient condition such that the spectrum of a non-vanishing closed ideal of 
Cb{X) is cr-compact, the following theorem provides a necessary and sufficient 
condition such that every cr-compact subspace of the spectrum is contained in a 
compact subspace. Clearly, the spectrum is compact if it satisfies the conditions 
in both theorems. (Compare Theorems 13.2.81 and 13.2.101 to Theorems 12.2.101 and 
12.2.111 respectively. Note that Theorems 13.2.81 and 13.2.101 require the spaces under 
consideration to be only completely regular, while the spaces under consideration 

.2.11l are normal. In particular, Theorems 13.2.81 and 13.2.1(11 

2111 ) 


are not deducible from 


Theorem 3.2.10. Let X be a completely regular space. Let H be a non-vanishing 
closed ideal in Cb{X). The following are equivalent: 

(1) Every a-compact subspace of sp{H) is contained in a compact subspace; in 
partieular, sp{H) is countably compact. 

(2) Coo{sp{H)) = CoispiH)). 

(3) iL = U^g^Ann(/i-1). 

Here Ann(/i) denotes the annihilator of h. 

Proof. Conditions (1) and (2) are known to be equivalent. (See the observation 
made prior to Theorem 12.2.101 1 

(1) implies (3). Let h G H. For any r > 0 we have 

|/i/3r^((r', 00)) C int/3xcl/3x|/ir^((r', 00)) 

by (a slight modification of) Lemma [2. 1.51 (and Lemma l3.2.7L thus \hp\~^{{r, 00)) C 
\hX. In particular, the cr-compact subspace coz(/i^) = \hp\~^{\\/n,oo)) of 

PX is contained in \hX. Note that the spectrum of H equals to \hX by Theorem 
13.2.51 Thus, by our assumption, coz(/i^) is contained in a compact subspace K 
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of XrX. By Lemma [3.2.41 we have K C c1 /3 a:/~^((1 , c»)) for some non-negative 
f G H. Therefore coz{hp) C cl/3x/“^((l, oo)). Now, if we intersect the two sides of 
the latter with X we obtain 


(3.2.16) 


coz(/i) C / i([l,oo)). 


Let It : X K be the mapping defined by 


l//(a;), ifa;e/ ^([l,cx))) 
if xe/-I ([0,1]) 


It is clear that u is well defined, continuous, and bounded. That is it G Cb{X). 
Let g = uf. Note that g G H (as f G H and H is an ideal in CsiX)). It follows 
from the definitions that /“^([I,oo)) C ^“^(1). This combined with (|3.2.16ll gives 
coz(/i) C ^“^(1), which implies that hg = h. Therefore h G Ann((/ — 1). This shows 
that H C [J^g^ Ann(h — 1). The reverse inclusion is trivial, as H is an ideal in 
Cb{X). 

(3) implies (I). Let AT be a cr-compact subspace of the spectrum of H (which 
equals to XrX by Theorem 13.2.51) . Let K = where Kn is compact for 

each positive integer n. By Lemma |3.2.4I for each positive integer n there is some 
non-negative fnGH such that 

(3.2.17) iL„Ccl;3x/-^((l,<x))). 


Let 


/ = E 


fn 


2’^ll/n 


A 


Then / is a well defined continuous bounded mapping. Also, / G iL, as / is the 
limit a sequence in H (and H is closed in Cb(A)). By our assumption there is some 
g G H such that / G Ann(5 — 1). That is fg = /, or equivalently, coz(/) C g“^(l). 
In particular, 

cl/3xcoz(/) C cli3xg~^il) C gj^(l). 

Note that 

C int/3js:cl/3x5”H(l/2,oo)) 
by (a slight modification of) Lemma 12.1.51 and 

int^xcl/3x5~^((l/2, oo)) C XrX. 


Therefore clpxcoz{f) C XrX. But /“^((l, oo)) C coz(/) for each positive integer n 
(by the definition of /) and thus Kn C cl/3xcoz(/) by (13. 2. 171) . That is the compact 
subspace cl^xcoz(/) of XrX contains K. □ 


In Theorems 13.2.81 and 13.2.101 for a non-vanishing closed ideal of Cb{X) we 
considered compactness like (such as tr-compactness and countable compactness) 
properties of its spectrum. In the next few results we consider connectedness like 
properties of the spectrum. This includes connectedness and local connectedness 
in particular. 

For a collection {Hi : i G 1} of ideals of a ring R we denote the ideal (Uig/ 
by 0jgj Hi provided that Hi n (Ui/jg/ Hj) =0 for each i G I. 

Theorem 3.2.11. Let X he a completely regular space. Let H be a non-vanishing 
closed ideal in Cb{X). The following are equivalent: 

(1) sp{H) is eonnected. 
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(2) H is indecomposable, that is, 

H^I®J 

for any non-zero ideals I and J of Cb{X). 

Proof. (1) implies (2). Suppose that H is not indecomposable, that is, H = I (B J 
for some non-zero ideals / and J of Cb{X). We show that the pair 

^ = IJ int;3Jfcl/3js:|/ir^((l,oo)) and ^ = IJ int/3xcl/3x|/ir^ ((1, oo)) 

/le/ h^j 

form a separation for \hX (= sp{H) by Theorem 13. 2. 5|) . Clearly A and B are open 
subspaces of \hX. Also, A and B are non-empty, as I and J are non-zero. (To see 
this, let 0 7^ / £ /. Let x € X such that f{x) 0. Let n be a positive integer with 
1/n < |/(a:)|. Let g = nf. Then x € A, as x € |(7/3|“^((1,oo)) and oo)) C 

int/3xcl/3x|5l~^((l) oo)) by (a slight modification of) Lemma [2.1.51 This shows that 
A 7^ 0. Similarly B ^ 0.) We now prove that XhX = A\J B. Let t G XrX. 
Then t £ cl/3x|^|~^((l, oo)) for some h £ H. Then t £ oo)). Let f € I 

and g & J such that h = f g. Note that hp = fp gp by Lemma [3.2.71 Since 
\hp{t)\ > 1, we have either I//3(t)I > l/ioi \gp{t)\ > 1/3. But then, as argued above, 
either t £ int/3js:cl/3x|3/|“^((l, oo)) or t £ int/37s:cl/37s:|3g|“^((l, oo)). Consequently, 
either t € A or t G B. That is XrX C A\J B. The reverse inclusion holds trivially. 
Finally, we prove that A D B = 0. Suppose to the contrary that there is some 
s £ AnB. Then s £ int/3xcl/3x|/r^((l, oo)) and s £ int/3jccl/3x|5rH(l> oo)) 
for some f G I and g G J. Therefore s G |//3|“^([1, oo)) and s G |5/3|“^([1, oo)). 
Thus fpgp{s) 7^ 0. But (using Lemma [3.2.71) we have fpgp = {fg)p = 0, as 
fgGinJ = 0. This contraction proves that An B = 0. That is, the pair A and 
B form a separation for XrX and XrX is therefore disconnected. 

(2) implies (1). Suppose that XrX is disconnected. Let C and H be a separation 
for XrX. Let 

K = {hx{xnc) ■ h G H} and L = {hx(xnD) ■ h G H}, 

where x is used to denote the characteristic function. It is easy to see that K and 
L are ideals of Cb{X) which are contained in H. We check that K and L are 
non-zero. Note that C is open in fdX (as XrX is so by Lemma [3. 2. 31 and C is open 
in XrX) and is non-empty. Therefore X D C 7^ 0. Let x G X nC. Let h G H such 
that h{x) 7^ 0. Then hx(xnC) G K and hx(xnC) 7 ^ 0> as hx(xnC){x) 7^ 0. That is 
K is non-zero. Similarly, L is non-zero. It is clear that for every h G H we have 
^ = ^X(xnC) + ^X(xnz>)) as the sets X nC and X n D cover X and are disjoint. 
Thus H C K L and therefore H = K -\- L. It is also clear that K n L = 0. Thus 
H = K (B L and H is therefore not indecomposable. □ 

Let {Yi : i G 1} he a collection of topological spaces. We may assume that 
the spaces Yfs are pairwise disjoint. The (topological) direct sum of {Yj : i G /}, 
denoted by 0^^/ Yi, is the set Y = [Jjgj Yi together with the family of open subsets 
consisting of all C/ C F such that U n Yi is open in F for every i G I. Clearly, a 
space Y is the direct sum of a collection {F : z £ /} of its subspaces if and only if 
{F : z £ /} form a collection of pairwise disjoint open subspaces of F whose union 
is the whole F. 

Theorem 3.2.12. Let X be a completely regular space. Let H be a non-vanishing 
closed ideal in C'b{X). The following are equivalent: 
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(1) Components of sp{H) are open in sp{H); in particular, sp{H) is locally 
connected. 

(2) There is a representation 

H = ^ Bi, 
iei 

where Hi is an indecomposable closed ideal in Cb{X) for any i G I. 

Here the bar denotes the closure in Cb{X). 

Proof. (1) implies (2). Let ^ = {Ui : i € 1} he the collection of all components 
of XhX (= sp(H) by Theorem 13.2. 5|) which are faithfully indexed. Note that 
components of any space are always closed. Thus, in particular, C/^’s are both open 
and closed in AbX. 

For each i € I let 

Hi = {hxXi ■ h e H), 

where Xi = X fMJi and y is used to denote the characteristic function. We prove 
that Hi is an indecomposable closed ideal of Cb{X) for any i £ I, and 

iei 

It is easy to see that Hi is an ideal in Cb{X) for any i £ I, and Hi is contained 
in H. Let io £ I. Let f £ H^^ n H^). Then 

/ = hoxxig = hiXXi^ H-h huXXi„ , 

where h^,..., hn £ H, m which iq, ..., *„ £ I are distinct. This implies that / = 0, 
as Uig,... ,Ui (and therefore Xig,... ,Xi ) are pairwise disjoint. That is the ideal 
Hi) generated by Hfe (which is clearly contained in H) is the direct sum 
0ig/ Hi. Since H is closed in Cb{X), this in particular implies that 

(3.2.18) 0LI. CiL. 

iei 

We now check that the reverse inclusion also holds in the above relation. Let 
h £ H. Let e > 0. Observe that |/i/3|“^((e, oo)) is contained in XrX, as it is 
contained in cl/3x|^/e|~^((l, oo)) (by Lemma [2.1.51) and the latter is so. Let n be 
a positive integer. Then \hp\~^{[\/n,oo)) is contained in XrX and it is compact. 
Since ^ is an open cover for XhX it then follows that 

(3.2.19) \hp\~^{lft/n, cxd)) C U • • • U Uj^ 

for some distinct ji,... € I. Let 

hn = hxxB +-f • 

It is clear that £ ^^^^Hi. We prove that hn h. This will imply that 
h G Hi. But this follows trivially, as by (13.2.191) we have 

hn[x) = h{x), if X £ X r\ (Uj^ U • • • U Uj^) 

and 

\hn(.x) — h{x)\ < 1/n, if x £ X \ {Uj^ U • ■ • U Uj,f) 
for any positive integer n, and thus ||/i„ — h\\ < 1/n. This proves the reverse 
inclusion in (I3.2.18p . 
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To conclude the proof we need to show that Hi'are indecomposable. Let i G I. 
Note that the elements of Hi vanish outside of Xi. We can therefore identify each 
element hxXi of Hi (where h G H) with its restriction on Xi. In particular, Hi will 
be a non-vanishing closed ideal in C's(Xi), as one can easily check. Observe that 
j3Xi = clfixXi, as Xi is open and closed in X. Also, 

I^XxJ“^([l,oo)) =Xi(^ |/i|"i([l,oo)). 

Note that Xi and oo)) are both zero-sets in X. (Indeed, |/i|“^([l, oo)) = 

z{g) where g = min{|/i| — 1,0}.) Therefore 

c\/3x[X^ n |/l|“^([l,Oo))] = cli3xXi n cl/3x|/jr^([l,Oo)). 

We combine these and use Theorem 13.2.51 to obtain 

sp{H^) = IJ cl/3jfJ/iXxJ"^([l,oo)) 

h^H 

= [J [cl/3xAi ncl/3x|h|“^([I,Oo))] 

h£H 

= clpxXiCi [J c\px\h\~^ {[1,00)) = c\pxXir\\HX = c\\jjxXi. 

h£H 

But 

cIxhxX^ = c1ahx(A n Ui) = clxj^xUi, 

as Ui is open in XhX (and X is dense in XhX). Therefore sp{Hi) = clxHxUi- But 
Ui is connected and thus so is its closure in XrX. That is 5p{Hi) is connected. It 
now follows from Theorem 13.2.111 that Hi is indecomposable. 

(2) implies (1). For each i G / let 

Ai = y coz(/). 

f^Hi 

We show that 

(3.2.20) A = 0A„ 

iei 

that is, {Xi : z G /} forms a collection of pairwise disjoint open subspaces of X 
whose union is the whole X. It is clear that Xi is open in X for each z G /. Since H 
is non-vanishing, for each x G X there is some f G H such that f{x) ^ 0. But / is 
the limit of a sequence /i, /2 ,... in Hi. Therefore ^n{x) ^ 0 for some positive 
integer n. Since /„ is a finite sum of elements from Uie/ follows that h(x) ^ 0 
for some h G Hi and i G I. Thus x G Xi. That is Xi's cover X. To show that Xi's 
are pairwise disjoint, suppose otherwise that x G Xi PlXj for some distinct z, j G /. 
Then x G coz{fi) fl coz{fj) where fi G Hi and fj G Hj. But fifj G Hi D Hj = 0, 
which is a contradiction. This proves (13.2.201) . 

Next, we shows that 

(3.2.21) sp(Lf) = 0sp(7L,), 

i£l 

that is, {sp{Hi) : z G /} is a collection of pairwise disjoint open subspaces of sp{H) 
whose union is sp{H). 
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First, we check that 

(3.2.22) spiff,) = y cl;3x|/r'((l,oo)) 

f&Hi 

for any i G I. Let i G I. Note that the elements of ffi vanish outside of Xi. We 
can therefore identify the elements of ffi with their restriction on Xi. In particular, 
ffi will be a non-vanishing closed ideal in CB{Xi). By Theorem 13. 2. 51 we therefore 
have 

(3.2.23) spiff,) = U cl;3xJ/rH(l,oo)). 

f&Hi 

But pXi = clpxXi, therefore, we have 

cl/3Aj/r^((l,Oo)) = cl/3A^» ncl^x|/r^((l,Oo)) = cl/3A 1/1“^ ((1, Oo)) 

for any f G ffi- This together with (13.2.231) proves (I3.2.22p . 

We check that sp(7Li)’s are open in (3X (and thus in spiff)). To see this, let 
i G I. Let f G ffi. Then 

cl/3A|/rH(l,Oo)) C |/;3|-1([1,00)) C |2/^|-1((1,00)), 

and 

i/^ri((i,oo)) c ci,3jfi/r^((i,cx))) 

by Lemma [2.1.51 Thus, using (I3.2.22L we have 

spiff,) = y {il,oo)). 

feHi 

We now check that 


(3.2.24) sp(iL) = ysp(iL,). 

iel 

Let t G spiff). Then, by Theorem 13.2.51 we have t G cl^x|/|~^((lj oo)) for some 
f G ff. In particular t G |/^|“^([1, oo)). Let /i, /2 ,... be a sequence in ffi 

such that fn^f- Then as 

ll/n^-/''ll = ||(/«-/)''|| = ll/n-/ll 

by Lemma 15.2.71 In particular /^(t) —>■ /^(t), and therefore |/^(f)| —>■ |/^(t)| > 1- 
Let 0 < e < 1. Let m be a positive integer with |/)^(f)| > e. By the choice of the 
sequence /i, /2 ,... we have fm = J2'j=i ^ where hi^ G ff,^ for each j = 1,..., fc. 
In particular /£ = by Lemma 13. 2. 71 Observe that 


I/ml H(e,oo)) = 


t=i 

k 


((e,oo)) 


C 


X^i^CO ((ooo)) ^ y i^fj 

i=i ^ i=i 


But, using (I3.2.22L we have 

\hl\~'^{ie/k,oo)) Ccli3x\hi^\~^{ie/k,oo)) = cl/3A|(fc/e)^. |"^((l,oo)) Csp(iLi^.) 






















40 


M. R. KOUSHESH 


for each j = 1,... ,k. Combining the above relations we therefore have 
l/mr^((COo)) C ljsp(i7,^) C ljsp(i/i). 

j=l iel 

Since t G oo)) we have t G [J-^j sp{Hi). This shows that sp{H) C 

iJiei The reverse inclusion is trivial and follows from (13.2.221) and Theorem 

MM 

Finally, we check that sp(i/i)’s are pairwise disjoint. Let i,j G / be distinct. 
Then Xi and Xj are disjoint closed and open subspaces of X and therefore they 
have disjoint closures in (3X. But sp{Hi) and sp{Hj) are then disjoint, as they 
are contained in clpxXi (= jSXi) and clpxXj (= /3Xj), respectively. This proves 
(13.2.211) . 

To conclude the proof, observe that sp{Hi) is connected for each z G / by The¬ 
orem [32III1 as Hi is indecomposable. Therefore, the collection {sp{Hi) : z G /} 
coincides with the collection of all components of sp{H). In particular, components 
of sp{H) are all open in sp{H). □ 

In the next theorem, for a collection : z G /} of ideals in Cb{X) we study 
the relation between the spectrum of certain closed ideals of Cb{X) generated by 
Hi’s and the individual spectrums sp(iLi)’s. 

Let (P, <) be a partially ordered set. For a subset A of P we denote the least 
upper bound of A by V ^ (provided it exists). 

Note that for a space X the collection J^f{X) of all ideals of Cb(X) (partially 
ordered with set theoretic inclusion C) is a partially ordered set in which for any 
subcollection {Hi : z G /} of Jif{X) we have 

iei ' iei 

that is, the ideal in Cb{X) generated by Uie/ Hi. 

Theorem 3.2.13. Let X be a completely regular space. Let {Hi : i € 1} be a 
non-empty collection of ideals in Cb{X). 

(1) Suppose that Hi is non-vanishing for each i G L. Then 


spiy Hij = ijsp(p*). 

HGI ^ iGl 

(2) Suppose that Hi is non-vanishing. Then 


iGl 


) - 0®p(^O' 


iG/ 


(3) Suppose that Hie/ Hi is non-vanishing. Then 

= intsp(CB(x)) (n^p(^o)- 


' ie/ 


Here the bar denotes the closure in Cb{X). 


Proof. (1). Suppose that Hi is non-vanishing for each z G /. Denote H = Vig/ Hi. 
Note that H contains Hi for some z G / (as it contains H) and Hi is non-vanishing. 
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Thus i? is also non-vanishing. Now, an argument similar to the one we used to 
prove (13.2.241) applies to shows that 

sp(ff) = ljsp(i?i). 

iei 

(2) . Suppose that H = Hi is non-vanishing. Then, an argument similar to 

the one we used to prove (13.2.211) proves that 

5p[H) = ^sp(i7i). 

iei 

(3) . Suppose that H = Hi is non-vanishing. First, note that sp(Cb(X)) = 
I3X. (This standard fact may also be deduced from Theorem 13.2.51 1 Note that 
sp{H) is an open subspace of f3X by Lemma r3.2.3l and Theorem 13.2.51 and it is 
contained in sp{Hi) for each i € I (again by Theorem 13. 2.5 L as iL C Hi. Thus 

sp(^^) C int/3x 

To show the reverse inclusion, denote 

T = int/3A n sp (Hi) 


and let t G T. By the Urysohn lemma there is a continuous mapping G : PX —>■ [0,1] 
such that G(t) = 1 and G\px\T = 0. Let g = G\x- We verify that g G H. Fix 
some i G I. Let n be a positive integer. Then G“^([l/n, 1]) GTC 5p{Hi). For 
each s G G“^([l/n, 1]) (using the representation of 5p(Hi) given in Theorem l3.2.5l) 
we have 

S G cl;3A:|/n,sr^((l,00)) 

for some fn,s G Hi. Thus, by an argument similar to the one given in the proof of 
(13.2.241) we have |h^_j,(s)| >1/2 for some /i„_s G Hi. Therefore 

{|<J-i((l/2,«i)) :sGG-i([l/n,l])} 

is an open cover for G“^([l/n, 1]). Now, since G“^([l/n, 1]) is compact we have 

kn 

(3.2.25) G-i([l/n,l]) C Q ((1/2,oo)) 

i=i 

for some si,..., Sk„ G G“^([l/n, 1]). Now, if we intersect the two sides of p.2.251) 
with X it yields 

(3.2.26) 

kn 

5 -'([l/n,l]) c U |V«,r'((l/2,cx))) c |h„ri([1/4,00)) = Kri([l,oo)) 
i=i 


where = 4h„, 


kn 

^ I ■ 

i=i 


Note that /i„ = Y^^=i^n,sjhn^sj G Hi, as Hi is an ideal Cb{X). In particular 
Un G Hi. Since (13.2.261) holds for every positive integer n, using Lemma 13. 2. 21 there 
is a sequence wi, U 2 ,... in Gb{X) such that UnVn —>■ g. Observe that uiVi,U 2 V 2 , ■ ■ • 
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is a sequence in Hi (as Hi is an ideal in C's(^))- Therefore g G Hi, as Hi is closed 
in Cb(X). But this holds for every i G I, and thus g G H. By Theorem 13.2.51 we 
have 

cl/3x|2gr^((l,oo)) Csp{H) 

In particular, this implies that t G sp(H), as t G |G|“^((l/2, oo)) and 
|Gr^((l/2,oo)) C cl/3x|5r^((l/2,oo)) 

by Lemma [2.1.51 (Observe that G = gjs.) □ 

A partially ordered set (-P, <) is called an upper semi-lattice [complete upper 
semi-lattice, respectively) if together with any two elements a and b in P (any 
subset A of P, respectively) it has their least upper bound aV6 {\/ A, respectively). 
Lower semi-lattices and complete lower semi-lattices are defined analogously (with 
the greatest lower bounds a A 6 and A ^ places of a V 6 and V A, respectively). A 
partially ordered set is called a lattice if it is both an upper semi-lattice and a lower 
semi-lattice. A lattice L which has the largest element 1 is called compact if for 
any subset A of L with V^ = 1 we have oi V • • • Va„ = 1 for some ai,... ,an G L. 

Theorem 3.2.14. Let X be a completely regular space. LetJif{X) be the collection 
of all non-vanishing closed ideals of Cb[X) partially ordered with C. Then Jff{X) 
is a lattice which is also a complete upper semi-lattice. Indeed, for a suhcollection 
{Hi : i G 1} of Jif[X) we have 

\J m = /\jHX 

iei ' iei ' 

and for any two elements G, H G J^{X) we have 

G ^H = Gr\H. 

Moreover, the lattice Jif{X) is compact, that is, for any subcollection {Hi : i G 1} 
of Jif{X) such that 

V = Cb{X) 

iGl 

there are ... ,in € I such that 

n 

V H,,=Gb{X). 

k=l 

Here the bar denotes the closure in Gb{X). 

Proof. That J^{X) is a lattice and also a complete upper semi-lattice is clear. 
(Note that the intersection G Ci H oi two non-vanishing ideals G and H of Cb{X) 
is also non-vanishing. To check this, let cc € X. Let g G G and h G H such that 
g{x) 7 ^ 0 and h{x) ^ 0. Then gh G G Cl H and [gh){x) ^ 0.) We show that the 
lattice G^{X) is compact. 

Note that ,3lT{X) has the largest element, namely, Gb{X). Let {Hi : i G 1} he 
a subcollection of Jif{X) such that 

yH, = Gb{X). 
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Then, using 


we have 


/3X =sp(Cb(X)) 


=U spiff,). 

iel ^ iel 


Note that sp{ffi) is an open subspace of PX for all i G I. Therefore, by compactness, 
we have 

n 

PX= \J spiff,,) 

k^l 

for some ... ^in G I. Observe that 


U =sp 


V 

fc=l 


by Theorem 13.2.131 Thus PX = sp{H) (= XrX by Theorem I3.2.5P where 


H=\/ ff„. 


To conclude the proof it suffices to prove that ff = CsiX). Let / G CsiX). Let 
n be a positive integer. Then c1 /3 x|/|~^([1 /’T') c»)) is a compact subspace of XhX, 
and therefore by Lemma [3.2.41 

cl/3x|/r^([l/?4,00)) C Cl;3x|/lnr^((l,00)) 

for some /i„ G ff. Now, if we intersect the two sides of the above relation with X 
we obtain 

|/r^([l/n,oo)) C |/i„|-^([l,oo)). 

By Lemma [3. 2. 21 there is a sequence gi,g 2 ,... in CsiX) with gnhn —t /. But then 
f G ff, SuS ff is closed in CsiX) and gihi,g 2 h 2 ,... is a sequence in ff. □ 


Our concluding result in this section shows how the collection of all non-vanishing 
closed ideals of CsiX) can be made into one-to-one correspondence with the col¬ 
lection of all closed open bornologies of X. 

Recall that a bornology *8 in a set X is an ideal in X whose elements cover the 
whole X, that is, X = [J iB. Let X be a space. A bornology *8 in X is called 
dosed iopen, respectively) if each element of *8 is contained in a closed (open, 
respectively) element of *8. 

Let (P, <) and (Q, <) be partially ordered sets. A mapping f : P ^ Q is called 
an order-isomorphism if / is a bijection such that fix) < fiy), where x,y G P, 
if and only ii x < y. Also, P and Q are order-isomorphic if there is an order- 
isomorphism between them. 

Theorem 3.2.15. Let X be a normal space. Denote by tL^iX) the set of all closed 
open bornologies in X and denote by JifiX) the set of all non-vanishing closed 
ideals in CsiX), both partially ordered with C. Then S§iX) and J^(A) are order- 
isomorphic. 


Proof. Define a mapping 


p : M’iX) S§iX) 


by 


4>iff) = {\h\-\ii,oo))-.hGff) 


for any ff G J^iX). We prove that p is an order-isomorphism. 
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First, we need to check that 4> is well defined. Let H S By an argument 

similar to the one given in the proof of Theorem 13.2.51 we have 

4>{H) = {A : A C oo)) where€ iL} 

= {A : A C \h\~^{{\/n, oo)) where h € H and n = 1, 2,... }. 

It now follows from the above representation that the ideal 4>{H) of X is a bornology 
in X (as H is non-vanishing) and (j){H) is both closed and open. 

Observe that (/)(G) C (j){H) whenever G,H G J^(X) and G C H. That is, (fi 
preserves order. Now, let ((>(G) C ^(iL) where G, H G Jif(X). Let g G G. Let n be 
a positive integer. Then | 5 |“^([l/n, oo)) G as |g|“^([l/n, oo)) G (l){G), and 

thus 

| 5 r^([l/n,oo)) C |/i„|-^([l,oo)) 

for some hn G H. Since this holds for each positive integer n, by Lemma 13.2.21 
there is a sequence fi, f 2 ,... in Cb(,X) such that fnhn g- But then g G H, as 
/i^i, / 2 ^ 2 , ■ • ■ is a sequence in H (since H is an ideal in Gb(X)) and H is closed 
in Cb{X). That is G C H. This in particular shows that (p is injective. 

To conclude the proof it suffices to show that </> is surjective. Let 25 G ^(X). 
Denote 

ff={flx:fGGo(A^X)}. 

Note that the above notation makes sense, as X C AigX by Lemma [2.1.81 since X 
is locally null with respect to IB (because 18 is a bornology in X and it is open). 
We show that iL G J^(X) and (p(-ff) = 18. 

Claim. iL e Jf'(X). 

Proof of the claim. Let / G Gb{X) and g,h G H . Then g = 9'\x and h = h'\x for 
some g', h' G Go(A®X). Note that g — h = {g' — h')\x G H as g' — h' G Go(A®X), 
and gf = {g' ■ // 3 |a®x)U G H, as g' ■ // 3 |a®x G Go(A 25 X). That is, H is an ideal in 
Cb{X). 

To show that H is closed in Gb{X), let —>• / for some sequence hi, / 12 ,... 

in H and / G Gb{X). Then h„ = h'^\x where G Go(ArgX) for each positive 
integer n. Note that h'l, h^,... is a Cauchy sequence in Go(Ar8X), as hi, h 2 ,... is a 
Cauchy sequence in G_b(X) and ||h(j — h(„|| = ||h„ — hm\\ for any positive integers 
n and m by (an argument similar to the one in the proof of) Lemma 13.2.71 Thus 
—>■ h' for some h' G Go(A®X) and therefore h'j^\x —>• h'\x by Lemma [3.2.71 This 
implies that / = h'\x G H. 

To show that H is non-vanishing, let a; G X. Then a: G A®X (as X C A^X). 
Note that A®X is an open subspace of /3X. Let /' : /3X —>■ [0,1] be a continuous 
mapping with f'{x) = 1 and /'|;3x\a®x = 0. Let / = f'\\^x- Then / e Go(A25X), 
as /“^([e, 00 )) = /'“^([e, 00 )) is closed in /3X for each e > 0, and is therefore 
compact. Thus f\x G H. Observe that f\x{x) = f'{x) ^ 0. 

Claim. 4>{H) = 18. 

Proof of the claim. Let A G (/>(i7). Then A C |h|“^((l, 00 )) for some h G PI. 
Let h = f\x where / G Go(A®X). Then |/|“^([1, 00 )) is a compact subspace of 
AijsX and is therefore closed in /3X. Thus cl/ 3 x|/i|“^([l, cx))) C |/|“^([1, 00 )), which 
implies that cl/ 3 x|/i|“^([l, 00 )) C A^X. By Lemma [2.1.91 then |/i|“^([l, 00 )) is null, 
and therefore so is its subset A. This shows that <(>(77) C 18. 
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Next, let i? G S. Then clxJ3 G IB, as IB is closed, and dxJ3 C [/ for some 
null open subspace of X, as IB is open. Since X is normal, there is a continuous 
mapping / : X -)> [0,1] such that /Id^s = 1 and flx\u = 0- Let g = // 3 |a®a- 
We check that g G C'o(A>b-^)- Note that by Lemma l^.1.51 and Proposition 12.1.61 we 
have 

/^^((e, oo)) C int; 3 Acl/ 3 A/“^((e, oo)) C int;3Acl/3AlA C AbAT 
for each e > 0. In particular, 

g~^{[e, oo)) = AbX n ([e, oo)) = ([e, oo)) 

is closed in pX for each e > 0, and is therefore compact. This implies that / = g\x G 
H. Thus /“^((l/2, oo)) G In particular B G as B C /“^((l/2, oo)). 

This shows that IB C (j){H). □ 

3.3. Ideals in Cb{X) arising from ideals in X related to its topology 

In this section for a space X we consider the ideals C'oo(Ar) and Cq(X) of Cb(X) 
where the ideal 3 arises from the topology of X. More specifically, for a space X 
(which is sometimes required to satisfy certain separation axioms) and a topological 
property fp (which is subject to some mild requirements) we consider the ideal 

J = {ACX : dxA has 

of X. We then use the representation theorems which we proved in Part[2]to obtain 
information about the ideals Cqq(X) and Cq(X) of Cb{X). The specification we 
have made in this section will enable us to examine a few more properties from 
C'oo(-^) and Cq(X). As we will see, under certain conditions on the space X (such 
as metrizability) and the topological property ‘P the ideals Cqq(X) and Cq(X) 
coincide, the spectrum of Cq(X) is countably compact and non-normal, and the 
vector space dimensions of Cq(X) turns out to be computable in terms of a certain 
topological characteristic (the density) of the space X. 

Now, we proceed with the formal treatment of the subject. Theorems 13.3.81 and 
13.3.101 improve results from [20] and [19] , respectively. Proposition 13.3.141 is from 



result of [18] which is rephrased in the new context. Theorem 13.3.191 improves a 
result in [50] , and Theorems 13.3.271 and 13.3.311 reproves results from [T3] and [12] , 
respectively. 

Topological properties in this section are all assumed to be non-empty, in a sense 
that, for a topological property ip there always exists a space with ip. 

Definition 3.3.1. Let fp be a topological property. Then 

• 'P is closed hereditary, if any closed subspace of a space having tp also has 

• fp is preserved under finite (resp. countable) closed sums, if any space which 
is expressible as a finite (resp. countable) union of its closed subspaces each 
having fp also has fp. 

Notation 3.3.2. Let A be a space and let *P be a topological property. Denote 

3<p = {A C A : clxA has <p}. 

We may use the following lemma without explicitly referring to it. 
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Lemma 3.3.3. Let X he a space and let ^ be a closed hereditary topological property 
preserved under finite closed sums. Then Ofqj is an ideal in X. 

Proof. Note that Ofqj is non-empty, as is so, and thus 0 has tp, as it is a closed 
subspace of any space with *P and *P is closed hereditary. Let B C A with A G Utp. 
Then clxB C c\xA. Since clx^ has and *P is closed hereditary, the closed 
subspace c\xB of c\xA also has ‘p. That is B G Next, let Ai G 0 fq 3 for each 
z = 1,..., n. Note that 

clx(4ll U ■ • • U An) = cljf^l U • • • U dxAn 

and the latter has ‘P, as clx^i has *P for each i = 1,... ,n and fp is preserved under 
finite closed sums. Thus U • ■ • U G 0 fq 3 . □ 

Example 3.3.4. The list of topological properties tp which are closed hereditary 
and preserved under finite closed sums (thus satisfying the assumption of Lemma 
I3.3.3|) is quite long and include almost all major covering properties (that is, topo¬ 
logical properties described in terms of the existence of certain kinds of open sub¬ 
covers or refinements of a given open cover of a certain type); among them are: (1) 
compactness ( 2 ) [6, Kj-compactness (in particular, countable compactness and the 
Lindelof property) (3) paracompactness (4) metacompactness (5) countable para- 
compactness ( 6 ) subparacompactness (7) 6 *-refinability (or submetacompactness) 
( 8 ) the cr-para-Lindelof property (9) (50-refinability (or the submeta-Lindeldf prop¬ 
erty) (10) weak 0-refinability, and (11) weak (50-refinability. (See [S], [57] and [55] 
for definitions.) These topological properties are all closed hereditary (this is ob¬ 
vious for (1), see Theorem 7.1 of |5| for (3)-(4) and ( 6 )-(ll), Theorem 3.1 of [27] 
for (2) and Exercise 5.2.B of [7] for (5)) and are preserved under finite closed sums 
(this follows from the definition for (2) and is obvious for (1), see Theorems 7.3 
and 7.4 of [5] for (3)-(4) and ( 6 )-(ll), and Theorem 3.7.22 and Exercises 5.2.B and 
5.2.G of [7] for (5)). 

There are however examples of topological properties which are not generally 
considered to be a covering property, yet they are closed hereditary and preserved 
under finite closed sums. We only mention a-boundedness. (A space is called a- 
hounded, where a is an infinite cardinal, if every subspace of cardinality < a has 
compact closure.) That a-boundedness is closed hereditary and preserved under 
finite closed sums follows easily from its definition. 

Definition 3.3.5. Let ‘P be a topological property. A space X is called locallyAji 
if each x G X has a neighborhood in X with tp. 

Lemma 3.3.6. Let X be a regular space and let^ be a closed hereditary topological 
property preserved under finite closed sums. Then X is locally null (with respect to 
the ideal if and only if X is locallyAp. 

Proof. Note that flip is an ideal in X by Lemma [3.3.31 Let X be locally null and 
let X G X. Then x G intxG for some U G Thus c\xU is a neighborhood of x 
in X with ‘p. For the converse, let x G A have a neighborhood E in A with *p. 
There exists an open neighborhood IE of x in A with c\xW C V. Now, c\xW has 
‘P, as it is closed in V, V has *P and *P is closed hereditary. Thus W is null. □ 

We introduce the following notation for convenience. 
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Notation 3.3.7. Let X be a space and let be a closed hereditary topological 
property preserved under finite closed sums. Denote 


Also, denote 


Cfo(X) = Coo^(^) and (X) = (X). 

AqjX = Aj^X 


whenever X is completely regular. 


Theorem 3.3.8. Let X be a space and let ^ be a closed hereditary topological 
property preserved under finite closed sums. Then 

C^(X) = {/ S Cb(X) : supp(f) has a closed neighborhood in X with ‘P}, 
and in particular, 

c!fo(X) = {f€CB(X): snpp(f) has a neighborhood in X with ip}, 
if X is normal. Furthermore, 

(1) Cf,{X) ^s an ideal in Cb{X). 

(2) Let X be completely regular. Then C^(X) is non-vanishing if and only if 
X is locally-'^. 

(3) Let X be completely regular and locally-'^. Then C^(X) is unital if and 
only if X has *p. 

(4) Let X be normal and locally-"^. Then C^(X) is an ideal of Cb{X) iso- 
metrically isomorphic to C'oo(T) for some unique locally compact space Y, 
namely, for Y = A<pAl. Furthermore, 

— X is dense in Y. 

— C^(X) is unital if and only if X has ‘P if and only ifY is compact. 

Proof. Let / e Cb(X). Suppose that supp(/) has a closed neighborhood U in X 
with ‘p. Then supp(/) has a null neighborhood in X, namely, U itself. On the other 
hand, if / S C^(X), then supp(/) has a null neighborhood V in X. Thus clxV is a 
closed neighborhood of supp(/) in X with *p. This shows the first representation of 
C'^(X). Note that if X is normal, then any neighborhood of supp(/) in X contains 
a closed neighborhood of supp(/) in X. The second representation of C^(X) then 
follows, as tp is closed hereditary. The remaining assertions of the theorem follow 
from Lemmas 13.3.3113.3.6112.1.3112.1.81 and 12.1.101 and Theorem 12.1.141 □ 


Theorem 3.3.9. Let X be a space and let tp fee a closed hereditary topological 
property preserved under finite closed sums. Then 

Cf{X) = {fGCBiX):\f\-\[l/n, oo)) has ip for each n}, 
and in particular, 

C^(X) = {feCB(X): coz(f) has 
*/iP is also preserved under countable closed sums. Furthermore, 

(1) (X) is a closed ideal in Cb{X) which contains C^(X). 

(2) Let X be completely regular. Then {X) is non-vanishing if and only if 
X is locally-^. 

(3) Let X be completely regular and locally-^. Then {X) is unital if and 
only if X has *p. 
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(4) Let X be completely regular and locally-^. Then (X) is a closed ideal of 
Cb(,X) isometrically isomorphic to Co{Y) for some unique locally compact 
space Y, namely, for Y = AqjX. In particular, ArpX is the spectrum of 
C^{X). Furthermore, 

— X is dense in Y. 

— C^(X) is dense in C^(X). 

— (AC) is unital if and only if X has if and only ifY is compact. 

Proof. Note that for each positive integer n the set |/|“^([l/n, oo)) (since it is 
closed in AC) is null if and only if it has tp. The first representation of {X) then 
follows. For the second representation of (AC), let / G C'b(AC). Note that 

OO 

coz(/) = U \f\-^{[l/n,oo)). 

n—1 

Thus coz(/) has if |/|“^([l/n, oo)) does for each positive integer n and tp is 
preserved under countable closed sums. Trivially, if coz(/) has *P then so does its 
closed subspace |/|“^([l/n, oo)) for each positive integer n, as *P is closed hereditary. 
The remaining assertions of the theorem follow from Lemmas 13.3.31 13.3.61 12.2.41 
12.2.51 and 12.2.61 and Theorem 12.2.81 □ 

The following theorem is the first in a series of consecutive corollaries to The¬ 
orems [23^ and [2331 It introduces conditions under which (X) = C'^(X) 
and simplifies the representations of C'^(AC) and C'^(AC). It also derive certain 
properties of the spectrum of C^(X). Examples of topological properties *P and 
Q satisfying the assumption of the following theorem are given in Example 13.3.131 
(See also Theorems 13.3.171 and 13.3.151 1 

Let AC be a locally compact space. Recall that C'o(AC) = C'oo(AC) if and only 
if every cr-compact subspace of AC is contained in a compact subspace of AC. (See 
Problem 7G.2 of [8].) In particular, C'o(AC) = C'oo(AC) implies that AC is countably 
compact. This will be used in the proof of the following. 

Theorem 3.3.10. Let^ and Q be topological properties such that 

• 'P and Q are closed hereditary. 

• A space with both fp and Q is Lindeldf. 

• ‘P is preserved under countable closed sums. 

• A space with £3 having a dense subspace with *P has ‘p. 

Let X be a locally-^ space with Q. 

(1) Let AC be regular. Then 

C^(X) = {/ G Cb(X) : snpp(f) has ‘P} = Co^o(X). 

(2) Let X be normal. Then (7^ (AC) is a closed ideal of CBiX) isometrically 
isomorphic to Cq{Y) for some unique locally compact space Y, namely, for 
Y = AqjAC. In particular, A<pX is the spectrum ofC^{X). Furthermore, 

— Y is countably compact. 

— Co(T) = Coo(T). 

— (AC) is unital if and only if X has *P if and only ifY is compact. 

Proof. We first verify that is a cr-ideal in X. Note that 3<p is an ideal in X by 
Lemma 13.3.31 as ‘P is closed hereditary and preserved under countable closed sums. 
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Thus, we need only check that 3(p is closed under formation of countable unions. 
Let An G for each positive integer n. Then 

OO 

G = U clxA„ 

n —1 

has fp, as it is a countable union of its closed subspaces each with tp and fp is 
preserved under countable closed sums. Note that 

H = dx f [J 

has 0, as it is closed in X, X has 0 and 0 is closed hereditary. Since H contains 
G as a dense subspace, using our assumption it follows that H has tp. Therefore 

OO 

\J AnG aqj. 

n—1 

(1) . We first show that 

(3.3.1) CZ{X) = {fG Cb{X) : supp(/) has ^}. 

Let / G C^(X). Then supp(/) has a null neighborhood in X, that is, supp(/) C 
intxG for some subspace U of X such that clxG has fp. Therefore supp(/) has fp, 
as it is closed in clxU. 

Next, let / G Cb(X) such that supp(/) has ip. Note that X is locally null by 
Lemma [3.3.61 as it is locally-fp. For each a; G X let Ux be a null neighborhood of 
X in X . Then 

supp(/) C (J inixUx- 

x£X 

Note that supp(/) has 0, as it closed in X (and X has 0 and 0 is closed hereditary). 
Since supp(/) has fp, it is then by our assumption Lindelof. Let xi,X2,-- - G X 
such that 

OO 

supp(/) C [J intxUx^- 

n —1 

Note that fJqj is a cr-ideal. Therefore Ux^ is a null neighborhood of supp(/) 
in X. Thus / G C^(X). This shows (13.3.11) . 

Now, we show that G^(X) = C^(X). Since G^(X) C G^(X) by Lemma 1^.2.41 
we only check that C^(X) C C^(X). Let / G G^(N). Then |/|“^([l/n, oo)) has 
fp for each positive integer n. But then coz(f) has Cp, as it is a countable union 
of its closed subspaces |/|“^([l/n, oo)) each with tp (and fp is closed hereditary). 
Note that supp(/) has 0 (and X has 0 and 0 is closed hereditary. Therefore 
supp(/) has *P, as it contains coz(f) as a dense subspace and coz(f) has Thus 
/ G Go^o(X) by 

(2) . Let Y = A<pX. Let 

^ : cf(X) Co(Y) 

denote the isometric isomorphism as defined in the proof of Theorem 12.2.81 As it 
is observed in the proof Theorem 12. 2. 81 the mapping (f), when restricted to G^(A), 
induces an isometric isomorphism between C^(X) and Goo(l^). But then Co(Y) = 
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CooiX), {X) = C^(X) by (1). This in particular implies that Y is countably 

compact. The remaining statements also follow from Theorem 12.2.81 □ 

Remark 3.3.11. Observe that in Theorem 13. 3. 101 we indeed have 

C^(X) = C^+^(X) = C^o'^^(X) = C^,(X). 

To show this, it suffices to observe that Urp = U<p+Q. It is obvious that Uqj+Q C fjtp. 
Let A G 3<:^. Then clx^ has But clx^ also has 0, as it is closed in X, X has 
0 and 0 is closed hereditary. Thus A G Uqj+Q. 

Remark 3.3.12. Note that in Theorem 13.3.101 the space Y is non-compact if and 
only if X is non-fp. In particular, if X is non-fp, since Y is countably compact, 
then Y is non-91 for any topological property 91 such that 

91 -I- countable compactness compactness. 

The list of such topological properties 91 is quite wide, including topological prop¬ 
erties such as the Lindelof property, paracompactness, realcompactness, metacom¬ 
pactness, subparacompactness, submetacompactness (or 0-rehnability), the meta- 
Lindelof property, the submeta-Lindeldf property (or i50-refinability), weak sub¬ 
metacompactness (or weak 0-refinability) and the weak submeta-Lindeldf property 
(or weak d0-refinability) among others. (See Parts 6.1 and 6.2 of [29].) 

In the following we give examples of pairs of topological properties fp and 0 
satisfying the assumption of Theorem 13.3.101 

Example 3.3.13. Let fp be the Lindelof property and let 0 be either metrizability 
or paracompactness. Note that the Lindelof property is closed hereditary (see 
Theorem 3.8.4 of [2]) and is preserved under countable closed sums, as obviously, 
any space which is the union of a countable number of its Lindelof subspaces is 
Lindelof. Note that any subspace of a metrizable space is metrizable and a closed 
subspace of a paracompact space is paracompact. (See Corollary 5.1.29 of |7].) 
Also, any paracompact space with a dense Lindelof space is Lindelof (see Theorem 
5.1.25 of m), since any metrizable space is paracompact, it then follows that any 
metrizable space with a dense Lindelof space is Lindelof. Therefore, the pair fp and 
0 satisfy the assumption of Theorem 13.3.101 

Note that in the realm of metrizable spaces the Lindelof property coincides with 
separability and second countability; denote the latter two by & and £, respectively, 
and denote the Lindelof property by £. Thus, if A is a metrizable space, then 

= 3e = 

which implies that 

Co^o(A) = Co® (A) = Co^o(^) and C§iX) = (A) = Co^(A). 

Observe that for a paracompact locally-*P space A, where ^ is the Lindelof 
property, we have 

= {/ G Cb{X) : supp(/) has ^}, 

by Theorem 13. 3. 101 land Example 13.3.13|) . As we see in the following, for the case 
when fp is the Lindelof property the above representation remains true even if one 
requires A to be only normal. 
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Proposition 3.3.14. Let X he a normal locally-'^ space, where is the Lindeldf 
property. Then 

CZiX) = {/ e Cb{X) : supp(/) has ^}. 

Proof. It is trivial that supp(/) has for any / G C^(X), as supp(/) has a 
neighborhood in X with and is closed hereditary. 

Next, let / G Cb(X) such that supp(/) has tp. For each x G X, let Ux be a 
neighborhood of cc in X with tp. Then 

supp(/) C inixUx^ U inixUx.^ U • • • C intxW, 

for some xi,X 2 ,. ■. G X and W = Ux^ U Ux 2 U • • •. Since X is normal, there 
exists an open neighborhood V of supp(/) in X whose closure clxV is contained 
in intxW. In particular, cl^F has *P, as it is closed in W, W has *P (since it is a 
countable union of its subspace each with *P) and *P is closed hereditary. Therefore 

/ e cZ(x). □ 

In the next theorem we consider Theorem l3.3.10l when *p and £1 are the Lindeldf 
property and paracompactness, respectively. Note that the space Y in Theorem 
13.3.101 is non-compact whenever X is non-tp, however, as we see in the next the¬ 
orem for this specific choice of the pair ip and 0 the space Y is even non-normal 
whenever X is non-ip. An important corollary of this theorem is its follow up re¬ 
sult ((Theorem 13. 3. 171) in which ip and 0 are further specialized to be separability 
and metrizability, respectively. (Note that metrizable spaces are paracompact and 
seprability coincides with the Lindeldf property in the class of metrizable spaces.) 
As we see this further specialization of ip and 0 allows us even to determine the 
vector space dimensions of C^(X') in terms of a certain topological characteristic 
(the density) of the space X. Before we proceed with the theorem we need some 
preliminaries. 

Let A be a locally compact paracompact space. By Theorem 5.1.27 of [7] the 
space X has a representation as 

x = Ux„ 

iei 

where Xi’s are disjoint Lindeldf closed and open subspaces of X and I is an index 
set. An inspection of the proof (of Theorem 5.1.27 of [7]) however reveals that the 
assumption that X is locally compact may be replaced by the weaker assumption 
that X is locally Lindeldf. That is, the above representation of X exists whenever 
X is locally Lindeldf and paracompact. Note that I is uncountable if X is non- 
Lindeldf. 

Let D be an uncountable set equipped with the discrete topology. Let D\ denote 
the subspace oi pD consisting of all elements which are in the closure in D of 
countable subsets of D. It is known that there exists a continuous (2-valued) 
mapping / : D\ \ 0 —>■ [0,1] which is not continuously extendible over /30 \ D. 
(See [3D]-) In particular, this implies that D\ is not normal. (To see this, suppose 
the contrary. Note that D\ \ D is closed in Dx, as D is open in fiD, since D is 
locally compact. By the Tietze-Urysohn extension theorem, / is extendible to a 
continuous bounded mapping over Dx, and therefore, over the whole /30 a; note 
that fiDx = ffD, as 0 C Dx C /30. This, however, is not possible.) 
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Observe that if X is a space and I? is a subspace of X, then 

Uf^c\xD = c\x{Ur\D) 
for every closed and open subspace U oi X. 

Theorem 3.3.15. Let X be a locally Lindelof paracompact space. Let 

Cl[X) = {/ e Cb{X) : supp(/) is Lindelof}. 

Then Cl{X) is a closed ideal ofCsiX) isometrically isomorphic to Co{Y) for some 
unique locally compact space Y, namely, for 

Y = \^{c\pxL : L C X is Lindelof}. 

In particular, Y is the spectrum of Cl{X). Furthermore, 

(1) Y is countably compact. 

(2) Y is normal if and only if Y is compact if and only if X is Lindelof if and 
only ifCL^X) is unital. 

(3) Co(r) = Coo(r). 

Proof. Let be the Lindelof property and let 0 be paracompactness. By Example 
13.3.131 the pair ip and 0 satisfy the assumption of Theorem 13.3.101 Observe that 
X has a representation 

x = \Jx„ 

iei 

where Xfs are disjoint Lindelof closed and open subspaces of X and I is an index 
set. For convenience, denote 

H.J = U X* 

i&J 

for any J C I. Observe that each Hj is closed and open in X, and thus it has a 
closed and open closure in jdX. Also, as we now check 

(3.3.2) XepX = \^{c\pxHj : J C / is countable}. 

Let C G Coz(Ar) such that c\xC has a neighborhood U in X such that c\xU 
is Lindelof. Then c\xC itself is Lindelof, as it is closed in c\xU, and therefore 
cixC C Hj for some countable J C I. Thus clpxC C clpxHj- On the other hand, 
if J C / is countable, then Hj is a cozero-set in X, as it is closed and open in X, 
and it is Lindelof, as it is a countable union of its Lindelof subspaces. Since clpxHj 
is open in /3X we have 

cipxHj = iT^tpxclpxH j ^ AqjAT. 

This shows (I3.3.2p . Note that 

AtpX = \^{c\pxL ■. L X is, Lindelof}; 

by (I3.3.2P : simply observe that any Lindelof subspace of X is contained in Hj for 
some countable J Q I, and on the other hand, Hj is Lindelof for any countable 
J Q I, as it is a countable union of its Lindelof subspaces. 

Note that (3) implies (1); we prove (3). (Observe that (1) and (3) follow from 
Theorem 13.3.101 the proof given here, however, is made easily to be independent 
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(3). It suffices to check that every cr-compact subspace of AqjX is contained in 
a compact subspace of AqjX. Let 

OO 

a=Ua^, 

n—1 

where An is compact for each positive integer n, be a cr-compact subspace of AqjAf. 
Using (j3.3.2ll . for each positive integer n, by compactness we have 

(3.3.3) An C cl^x^^Ji U ■ • • U clpxHji^^ 
for some countable Ji,..., Jfe„ C I. Let 

OO 

(3.3.4) J= U(Jfe, U---U JfeJ. 

n—1 

Then J is countable and A C clpxHj. That is, A is contained in the compact 
subspace clpxHj of AqjAf. 

(2). Let Xi G Xi for each i G I. Then D = {xi : i G 1} is a closed discrete 
subspace of X, and since X is non-Lindelof, it is uncountable. Suppose to the 
contrary that AqjAf is normal. Then, using (I3.3.2|) . it follows that 

A(pAf n ci^xD = [^{cipxHj n cI/ 3 xD : J C I is countable} 

is normal, as it is closed in AqjAf. Now, let J C / be countable. Since cipxHj 
is closed and open in j3X (using the observation preceding the statement of the 
theorem) we have 

cipxHj f\c\pxD = cifjxicipxHj n D) = c\px{Hj n D) = c\px{{xi ■ i G Jj). 
But cipxD = PD, as D is closed in X and X is normal. Therefore 

c\i3x{{xi ■.iGJ})= c\|3x{{x^ -.iGJ}) ficipxD = c\pD{{xi : i G J}). 

Thus 

A<pX n clpxD = \^{c\pdE : E C D is countable} = Dx, 
contradicting the fact that D\ is not normal. □ 

Remark 3.3.16. A point a; of a space X is called a complete accumulation point 
of a subspace AofX if|C/nA| = |A| for every neighborhood U of x in X. A space 
X is called linearly Lindelof if every linearly ordered (by set theoretic inclusion 
C) open cover of X has a countable subcover, or equivalently, if every uncountable 
subspace of X has a complete accumulation point in A. As it is observed in m, the 
notions of cr-compactness, the Lindelof property and the linearly Lindelof property 
all coincide in the class of locally compact paracompact spaces; this we will now 
show. Since cr-compactness and the Lindelof property are identical in the realm 
of locally compact spaces (see Exercise 3.8.C of [7]) and by the definitions it is 
clear that the Lindelof property implies the linearly Lindelof property, we check 
only that in any locally compact paracompact space the linearly Lindelof property 
implies the linearly Lindelof property. Let A be a locally compact paracompact 
space. Assume a representation for A as 

x = \Jx,, 

i£l 

where A^’s are disjoint Lindelof open subspaces of A and I is an index set. Suppose 
that A is not Lindelof. Then I is uncountable. Let A = {xi : i G I}, where Xi G Xi 
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for each i ^ I. Then A is an uncountable subspace of X with no accumulation 
point in X, as any accumulation point of A should be contained in Xi for some 
i & I and Xi is an open subspace of X which intersects A in only one element. 
Thus, X cannot be linearly Lindelof either. 

In Theorem 13.3.151 for a locally compact paracompact space (more generally, 
for a locally Lindelof paracompact space) X we have considered the set of all / € 
Cb{X) such that supp(/) is Lindelof. Since local compactness and paracompactness 
are both closed hereditary, supp(/), for each / G Cb{X), is locally compact and 
paracompact, and thus is Lindelof if and only if it is linearly Lindelof if and only 
if it is (T-compact. In other words. Theorem 13.3.15| holds true (provided that we 
assume that X is locally compact and paracompact) if one replaces the Lindelof 
property by either the linearly Lindelof property or cr-compactness. 

As we have already pointed out our next theorem further specializes the topo¬ 
logical properties considered in Theorem 13. 3. 151 to derive further results. We need 
the following preliminaries. 

The density of a space X, denoted by d(Ai), is defined by 
d(X) = min {|ZI| : D is dense in X} -|- Hq. 

In particular, a space X is separable if and only if d(Ar) = Hq. Observe that 
in any metrizable space separability coincides with second countability (and the 
Lindelof property); thus any subspace of a separable metrizable space is separable. 
In particular, locally separable metrizable spaces are locally Lindelof. Note that 
metrizable spaces are paracompact. It now follows from our discussion preceding 
Theorem 13.3.151 that any locally separable metrizable space X can be represented 
as a disjoint union 

x = [jx,, 

i£l 

where I is an index set, and Xi is a separable (and thus Lindelof) closed and open 
subspace of X for each i G I. (This is indeed a theorem of Alexandroff; see Problem 
4.4.F of [7].) Note that d(Ar) = |/|, if / is infinite. 

Let I be an infinite set. By a theorem of Tarski there exists a collection f? 
of cardinality |/|^“ which consists of countable infinite subsets of / such that the 
intersection of any two distinct elements of 3 is finite. (See [H].) Note that the 
collection of all subsets of cardinality at most m in a set of cardinality n > m is of 
cardinality at most n"’. 

Theorem 3.3.17. Let X be a locally separable metrizable space. Let 
Cs{X) = {/ G Cb{X) : supp(/) is separable}. 

Then Cs{X) is a closed ideal of Cb{X) isometrically isomorphic to Co{Y) for some 
unique locally compact space Y, namely, for 

Y = (J{c1/3js:5' : S C X is separable}. 

In particular, Y is the spectrum of Cs{X). Furthermore, 

(1) Y is countably compact. 

(2) Y is normal if and only ifY is compact if and only if X is separable if and 
only ifCs{X) is unital. 

(3) Co(T)=Coo(r). 

(4) dimCs(X) =d(X)«o, ifX IS non-separable. 
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Proof. Note that metrizable spaces are paracompact and separability coincides with 
the Lindelof property in the class of metrizable spaces. Thus (l)-(3) follow from 
Theorem 13.3.151 We prove (4). 

(4). Since X is non-separable, / is infinite and d(X) = |/|. Let 3 be a collec¬ 
tion of cardinality |/|^” consisting of countable infinite subsets of /, such that the 
intersection of any two distinct elements of 3 is finite. Let fj = xhj for any J S 3. 
Note that no element in 

^ = {/j : J G 3} 

is a linear combination of other elements (as each element of 3 is infinite and 
each pair of distinct elements of 3 has finite intersection). Observe that ^ is of 
cardinality |3|. Thus 

dimCsiX) > |3| = |/|^“ = d(X)^«. 

On the other hand, if / G Cs{X), then supp(/) is Lindelof and thus supp(/) C Hj, 
where J C / is countable; therefore, we may assume that / G Cb{Hj)- Conversely, 
if J C / is countable, then each element of Cb{Hj) can be extended trivially to an 
element of Cs{X) (by defining it to be identically 0 elsewhere). Thus Cs{X) may 
be viewed as the union of all Cb{H.j), where J runs over all countable subsets of I. 
Note that if J C / is countable, then Hj is separable; thus any element of Cb{Hj) 
is determined by its value on a countable set. This implies that for each countable 
J C I, the set Cb{Hj) is of cardinality at most There are at most |/|^“ 

countable J C I. Therefore 

dimCs(X) < |Cs(3f)| < | (J {Cb{Hj) : J C I is countable} 

< ■ \I\^° = \I\^° = d{Xf°. 

□ 

Remark 3.3.18. As it is remarked previously, the three notions of separability, 
second countability and the Lindelof property coincide in the class of metrizable 
spaces. In particular. Theorem 13.3.171 holds true if one replaces separability by 
either second countability or the Lindelof property. 

The aim of the next theorem is to insert a chain consisting of certain types 
of closed ideals of Cb{X) between Co (AT) and Cb{X) if X satisfies certain re¬ 
quirements; the length of such a chain will be determined by a certain topological 
characteristic (the Lindelof number) of the space X. We need some preliminaries. 
The Lindelof number of a space X, denoted by (-{X), is defined by 

i{X) = min{n : any open cover of X has a subcover of cardinality < nj -I- Hq. 

In particular, a space X is Lindelof if and only if £(Ar) = Hq. As we have observed 
previously any locally Lindelof paracompact space X may be represented as 

x = \Jx,, 

iei 

where Xfs are disjoint Lindelof closed and open subspaces of X and I is an index 
set. Note that £{X) = |/| if / is infinite. 

A regular space is said to be ^-Lindelof where /r is an infinite cardinal, if every 
open cover of it contains a subcover of cardinality < /i. The ^-Lindelof property 
gets weaker as /r gets larger. The Lindelof property is identical to the Ko-Lindel6f 
property; in particular, every Lindelof space is /r-Lindelof. 
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Theorem 3.3.19. Let X be a non-Lindeldf locally Lindeldf paracompact space. 
Then there is a chain 

Co(X) C iJg C C .. . C = Cb{X) 

of closed ideals of Cb{X) such that H^, for each pL < \, is isometrically isomorphic 
to 

CoiY^)=CooiY^), 

where Y^ is a locally compact countably compact space which contains X densely. 
Furthermore, 

Ha= W- 

Proof. Let be an ordinal. Let be the H^-Lindel6f property and denote 

H^ = C^^iX). 

Observe that X is locally Lindelbf and thus locally M^-Lindel6f. It also follows from 
the definitions that the M^-Lindel6f property is closed hereditary and is preserved 
under finite closed sums. Theorem 13.3.91 now implies that is a closed ideal in 
Cb{X) which is isometrically isomorphic to C'o(y’^) with 

Y^ = 

By Theorem 13.3.91 the space is locally compact and contains X as a dense 
subspace. We show that 

(3.3.5) Co(L;) = Coo(L;); 

this in particular proves that X is countably compact. To do this, it suffices to 
check that every cr-compact subspace of Y^, is contained in a compact subspace of 
Y^. Observe that the space X may be represented as 

iei 

where Xfs are disjoint Lindeldf closed and open subspaces of X and I is an index 
set. Note that if J C J is of cardinality < then 

ieJ 

is K^-Lindeldf, and conversely, any K^-Lindeldf subspace of X is contained in such 
a subspace. An argument similar to the one we have given in the proof of Theorem 
13.3.151 shows that 

Aq3^Ar = [J |c1/3a: (y X^ : J C / is of cardinality < 

Using the above representation and arguing as in the proof of Theorem 13.3.151 it 
follows that every cr-compact subspace of Y^^ is contained in a compact subspace of 
Yfj^. This proves (|3.3.5I) . 

To conclude the proof we verify that iL^^’s ascend as n increases. It is clear 
that C whenever p. < k, as the H^-Lindel6f property is stronger than the 
HK-Lindel6f property. Let A be such that Ha = ^iX). Note that i{X) = |/|. In 
particular, X is HA-Lindel6f, as it is the union of Ha many of its Lindeldf subspaces. 
Therefore H\ = Cb{X), as supp(/) is HA-Lindeldf for any / S Cb(A), since it 
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is closed in X. Next, we show that all chain inclusions are proper. Note that 
Co(X) C as for the characteristic mapping XA, where 

A=IJX, 

iGK 

and if C / is infinite and countable, we have XA S Hq while XA ^ Co(-^)- Also, if 
< K < X, then xb S Hi^ while xb ^ where 

B=[jX, 

i^L 


and L C / is of cardinality Hr. 


□ 


Remark 3.3.20. A weakly inaccessible cardinal is defined as an uncountable limit 
regular cardinal. The existence of weakly inaccessible cardinals cannot be proved 
within ZFC, though, that such cardinals exist is not known to be inconsistent with 
ZFC. The existence of weakly inaccessible cardinals is sometimes assumed as an 
additional axiom. Observe that weakly inaccessible cardinals are necessarily the 
fixed points of the aleph function, that is, Ha = A, if A is a weakly inaccessible 
cardinal. In Theorem 13.3.191 we have inserted a chain of ideals of Cb{X) between 
Co (AT) and Cb{X); this chain will therefore have its length equal to the Lindelbf 
number £{X) of X provided that i(X) is weakly inaccessible. 


Remark 3.3.21. Theorems 13. 3. 15113. 3. 171 and 13.3.191 make essential use of the fact 
that the spaces under consideration (locally separable metrizable spaces as well as 
locally Lindelbf paracompact spaces) are representable as a disjoint union of open 

.3.19l still remain valid if 


Lindelbf subspaces. Much of ' 
one replaces the Lindelbf property by a more or less general topological property fp, 
provided that the spaces under consideration are representable as a disjoint union 
of open subspaces each with ip. 


The topological properties considered so far have all been closed hereditary and 
preserved under finite closed sums. We now consider pseudocompactness. (Recall 
that a completely regular space X is called pseudocompact if every continuous 
mapping f : X is bounded.) Note that while pseudocompactness is preserved 
under finite closed sums (as this follows readily from its definition) it is not a 
closed hereditary topological property. Pseudocompactness is however hereditary 
with respect to regular closed subspaces, that is, every regular closed subspace of a 
pseudocompact space is pseudocompact. (See Exercise 3.10.F(e) of [7j. Recall that 
a subspace of a space is called regular closed if it is the closure of an open subspace.) 
What makes consideration of pseudocompactness (and also realcompactness) so 
important is the known structure of the space AuAT associated to the ideal ideal il 
of X generated by open subspace of X with a pseudocompact closure in X. 


Notation 3.3.22. Let AT be a completely regular space. Denote 

if =([/:[/ is an open subspace of X with a pseudocompact closure). 
Lemma 3.3.23. Let X he a completely regular space. Then 

if = {A ■. A CU where U is an open subspace of X with a pseudocompact closure}. 

Proof. Clearly A G il, if A C U where U is an open subspace of X with a pseudo¬ 
compact closure in X. 
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Let A G a. Then A C Ui U ■ ■ ■ U Un where Ui is an open subspace of X with a 
pseudocompact closure in X for each j = 1,..., n. Let U = Ui U• • • UC/„. Then U is 
an open subspace of X whose closure c\xU = clxUiVJ- ■ -UcljcC^n is pseudocompact, 
as it is the finite union of pseudocompact subspaces oi X. □ 

The following is dual to Lemma [3.3.61 

Lemma 3.3.24. Let X be a completely regular space. Then X is locally null (with 
respect to the ideal il) if and only if X is locally pseudocompact. 

Proof. The proof is similar to that of Lemma 13.3.61 Observe that (since X is 
regular) for every x G X each neighborhood of a; in X contains a regular closed 
neighborhood of x in X, that is, a neighborhood in X of the form c\xU where U 
is open in X. □ 

Considering the dualities between Lemmas 13.3.61 and 13.3.241 one can state and 
prove results dual to Theorems 13.3.81 and 13.3.91 We will now proceed with the 
determination of XyiX. We need some preliminaries first. 

A completely regular space X is said to be realcompact if it is homeomorphic to 
a closed subspaces of some product R'" of the real line. Realcompactness is a closed 
hereditary topological property. Every regular Lindeldf space (in particular, every 
compact space) is realcompact. Also, every realcompact pseudocompact space is 
compact. To every completely regular space X there corresponds a realcompact 
space vX (called the Hewitt realcompactification of X) which contains AT as a dense 
subspace and is such that every continuous mapping / : Ai —>■ M is continuously 
extendible over vX] we may assume that vX C (3X. Note that a completely regular 
space X is realcompact if and only if AT = vX. (See Section 3.11 of [7] for further 
information.) 

The following lemma, which may be considered as a dual result to Lemma [2. 1.91 
is due to A. W. Hager and D. G. Johnson in [^; a direct proof may be found in [^. 
(See also Theorem 11.24 of [30]. 1 

Lemma 3.3.25 (Hager-Johnson [S]). Let X be a completely regular space. Let Lf be 
an open subspace of X such that cl^xU is compact. Then clxU is pseudocompact. 

Observe that any completely regular space X with a dense pseudocompact sub¬ 
space A is pseudocompact; as for any continuous mapping / : —>■ R we have 

f{X) = f{c\xA) C c1k/(A) 

and f{A) is bounded (since A is pseudocompact). 

Lemma 3.3.26. Let X be a completely regular space and let A be regular closed in 
X. Then clpxA C vX if and only if A is pseudocompact. 

Proof. One half follows from Lemma 13.3.251 as if c\pxA C vX then cl^xA = 
clpxA is compact, since it is closed in (3X. For the other half, note that if A is 
pseudocompact then so is cRjcA, as it contains A as a dense subspace. But cRxA 
is realcompact (as it is closed in vX and vX is so) and therefore is compact. Thus 
c\pxA C clvxA. □ 

Theorem 3.3.27. Let X be a completely regular space. Then 

XuX = intpxvX. 
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Proof. Suppose that C G Coz{X) is such that clxC has a pseudocompact neigh¬ 
borhood U in X. Since U is pseudocompact and c\xC is regular closed in X (and 
thus in U) then c\xC is pseudocompact. Thus clpxC C vX, by Lemma [3.3.261 
and therefore int/jjfd/jjfC' C vatpxvX. 

To show the reverse inclusion, let t G vtAfjxvX. By the Urysohn lemma there is 
a continuous mapping / : fiX — >■ [0,1] with f{t) = 0 and f\i 3 x\intfixvX = 1 - Then 

C = Xnf-^ ([0,1/2)) G Coz{X) 

and t G inXp xclpxC, as t G 1/2)) and 1/2)) C inXpxclpxC by 

Lemma [2. 1.51 Note that liV = X fl 2/3)) then V is an open neighborhood 

of clxC in X, and cl^h^ is pseudocompact by Lemma [3.3.26l as it is regular closed 
in X and 

cl^xVC ([0,2/3]) CvX. 

Therefore int/j^cl/SAiC' C XuX. □ 

In our final result we will be dealing with realcompactness. Despite the fact that 
realcompactness is closed hereditary, it is unfortunately not preserved under finite 
closed sums in the realm of completely regular spaces. (In [23] - a correction in 
[24] - S. Mrowka describes a completely regular space which is not realcompact 
but it can be represented as the union of two of its closed realcompact subspaces; 
a simpler example is given by A. Mysior in [25].) So, our previous results are not 
applicable as long as the underlying space is required to be only completely regular. 
As we will see, the situation changes if we confine ourselves to the class of normal 
spaces. 

Recall that a subspace A of a space X is called C-embedded in X if every con¬ 
tinuous mapping / : A —> R is continuously extendible over X. 

Lemma 3.3.28 (Gillman-Jerison [5]). Let X be a completely regular space and let 
A be C-embedded in X. Then cl^xA = vA. 

By 0 in the following we simply mean fJqj, as defined in Notation 13.3.21 with fp 
assumed to be realcompactness; the re-definition is for convenience. (This is also 
consistent with the initial terminology once used to refer to realcompact spaces; 
realcompact spaces were originally introduced by E. Hewitt in cni; they were then 
called Q-spaces.) 

Notation 3.3.29. Let AT be a space. Denote 

0 = {A C X : clxA is realcompact}. 

Recall that a completely regular space X is realcompact if and only if AT = vX. 
Observe that in a normal space each closed subspace is C-embedded. (See Problem 
3.D.1 of [8].) This observation will be used in the following. 

Lemma 3.3.30. Let X be a normal space. Then 0 is an ideal in X. 

Proof. Note that 0 is non-empty, as it contains 0. Let B f- A with A G 0. In 
particular c\xB C cl^A. Since clxA is realcompact and realcompactness is closed 
hereditary then clxB is realcompact. That is R G 0. Next, let C, 0 G 0. Since 
X is normal, every closed subspace of X is C-embedded in X. Thus, using Lemma 
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13.3.281 we have 

v{clxiCUD)) = c\^x{c\x{CUD)) 

= cl^x(clxC') U c\vx{c\xD) 

= v{c\xC) U v{c\xD) = c\xC U c\xD = c\x{C U D). 

That is dxiC U D) is realcompact. Therefore C U D € O.. □ 

Once one states and proves a lemma dual to Lemma l3. 3. Bl it will be then possible 
to state and prove results dual to Theorems 13.3.81 and 13.3.91 Our concluding result 
determines AqX. As in the case of pseudocompactness, it turns out that XqX is a 
familiar subspace of f3X as well. 

Theorem 3.3.31. Let X be a normal space. Then 

XciX =pX\clpx{vX\X). 

Proof. Suppose that C G Coz(A) is such that c\xC has a realcompact neighbor¬ 
hood U in X. Then c\xC is realcompact, as it is closed in U. Since c\xC is 
C-embedded in A, as X is normal, by Lemma Td. 3. 281 we have cl,, xC = v{c\xC) = 
c\xC. But then intpxdpxC 0 {vX \ A) = 0, as 

dpxC n (uA \ A) = chxC n (uA \ A) = 0 

and thus inXpxdpxC 0 cl^x(^^A \ A) = 0, that is 

intpxdpxC C px \ c\px{vX \ A). 

To show the reverse inclusion, let t G /3A \ c\px{vX \ A). Let / : /3A —>• [0,1] 
be a continuous mapping with f{t) = 0 and f\c\isx{vX\x) = 1- Then 

C = Xnf-^ ([0,1/2)) G Coz(A) 

and t G intp xdfixC, as t G /"i([0,l/2)) and /-^([0,1/2)) C int/jxcl/jxC by 
Lemma [2.1.51 Let T = A 0 /“^([O, 2/3)). Then F is a neighborhood of c\xC in 
A. Since cl/jxf^ O {vX \ A) = 0, as cipxy F /“^([0,2/3]), we have 

clxF = A n c1;3xF = vX n c1/3xF = dvxV. 

Therefore clxF is realcompact, as it is closed in vX. Thus inXpxdpxC C AqA. □ 
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